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Abstract. The theorems of Gross-Zagier and Zhang relate the Neron-Tate 
heights of complex multiplication points on the modular curve Xo{N) (and 
on Shimura curve analogues) with the central derivatives of automorphic L- 
function. We extend these results to include certain CM points on modular 
curves of the form X(ro(M)nri (S)) (and on Shimura curve analogues). These 
results are motivated by applications to Hida theory which are described in 
the companion article |15) . 



1. Introduction 

Let xq be a finite order chiaracter of tire idele class group Q^\A^ of Q, and sup- 
pose that / e S2{T o{N) , Xq^ , C) is a normalized newform of level N and character 
Xo^- particular we assume that / is an eigenform for all Hecke operators T„ 
with (n, N) = 1. Writing / = J^n ^n?" the L-series of / is defined as the analytic 
continuation of L{s,f) = X^n^""""*- compare with the notation used in the 
body of the article, i(s, H) = L*{s + 1/2, /) where 

L*(s,/)-2(2^)-^r(s)L(s,/) 

is the completed L- function of / and 11 is the automorphic representation of GL2 (A) 
attached to /. Let i? be a quadratic imaginary field of discriminant —D and let x 
be a finite order character of the idele class group E^\A^ whose restriction to 
agrees with xo- Factor TV = MS in such a way that S is divisible only by primes 
dividing N£;/Q(cond(x)) and M is relatively prime to N£;/Q(cond(x))- We assume 

(a) N and N£;/Q(cond(x)) are each relatively prime to D, 

(b) for any prime p \ S the restriction of x to = {E(E)qQp) ^ factors through 
the norm E^ — >■ Qp , 

(c) S = cond(xo)- 

It is easy to see from these hypotheses that cond(x) = COe for some positive 
integer C which is divisible by S. 

Let uj denote the quadratic Dirichlet character attached to E. The i-function of 
/ and the Hecke L-series of x each admit Euler products over the rational primes. 
For each prime p the local Eulers factors have the form 

Lp{sJ) = {l-a,p-'r\l-a2p-T' 
Lp{s,x) - {l-l3,p-T'a~P2p-T' 
and we define a new Euler factor 

Lp{s,xJ)= n i^~C^^PJP'T'■ 
l<i,j<2 
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The Rankin-Selberg convolution L-function L{s, x, /) = Y[p Lp{s, x, /) has analytic 
continuation to an entire function of s and satisfies the functional equation 

L*{s, X, f) = -io{M) ■ {C^DMf-^^ ■L*{2~ s, x, /) 

where 

L*(s,x,/)=4(27r)-2^rGsfi(,s,x,/). 
In the notation of the body of the text L{s, H x 11^^) = L*{s + 1/2, x, /), and so the 
functional equation follows from the functional equation (|2.6p of the Rankin-Selberg 
kernel and the integral representation of the L- function (|2.8I) . 

Assume that every prime divisor of M splits in E. In particular the functional 
equation forces L{l,xJ) = 0. Let O = Z + COe and C = Z + CS~^Oe be 
the orders of conductors C and CS^^, respectively, oi Oe- Fix an invertible ideal 
9)1 C O such that O/dJl = Z/A/Z and consider the isogenies of complex elliptic 
curves 

c/o^c/on-i c/o^c/c. 

These isogenies are cyclic of degree M and S, respectively, and if we pick an arbi- 
trary generator tt G ker(F5) the triple Q = (C/O, ker(FM), tt) determines a point 
on the moduli space Xr{C) parametrizing complex elliptic curves with 

r = ro(A/)nri(5) 

level structure. We view Xr as a scheme over Spec((Q)). Let O denote the closure 
of O in the ring Aej of finite adeles of E and let 6* : (5^ ^ (Z/5Z)^ denote 
homomorphism giving the action of on O' jO = 1^1 STL. The character x has 
trivial restriction to ker(0), and by the theory of complex multiplication the point 
Q is rational over the abelian extension of E with class group £'^\A^ ^/ker(0). 
Thus we may form the divisor with complex coefficients 

te_Ex\Aj ^/kcr(e) 

on Xy Xq Ey^ where \tE\ is the Artin symbol normalized as in [28l §5.2] and E^ 
is the abelian extension of E cut out by x- Assume that x is nontrivial (otherwise 
5=1 and we are in the case originally considered by Gross and Zagier [T3]) so 
that has degree zero and may be viewed as a point in the modular Jacobian 
Qx G Jt(E^®%'C. Denote by T the (semi-simple) C-algebra generated by the Hecke 
operators {T„ | {n,N) = 1} and the diamond operators {(d) | {d, S) = 1} acting 
on S'2(r, C). By the Eichler-Shimura theory the algebra T acts on Jr{E^) ®z C via 
the Albanese endomorphisms r„* and (d)* as in [321 §2-4]). 

The following theorem is a special case of Theorem l5.6.2l When S — \ this result 
is due to Zhang [361 Theorem 6.1]. When S = 1 and x is unramified it is due to 
Gross-Zagier [Hj. 

Theorem A. Let Q^j denote the projection of to the maximal summand of 
Jr{E^) ®z C on which T acts through Tn 6„ and (d) i— > Xo ^(d). Then 

L'(l,x,/)-0 ^ Qx,/ = 0. 

Remark 1.0.1. The hypotheses (b) and (c) placed on the primes divisors of S are not 
made for the sake of convenience; rather these hypotheses seem to be closely related 
to the particular choice of ri(S) level structure on C/O, given by a generator of the 
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kernel of an isogeny to an elliptic curve with complex multiplication by a different 
quadratic order. 

Remark 1.0.2. If 11 = ^^^v denotes the automorphic representation of GL2(A) 
generated by the adelization of / then the condition (c) above is equivalent to 
Hypothesis [TXlT b) below, with F = Q, s = S'Z, and c = CZ. This follows from 
the formulas of [27, §12.3] and [25l Theorem 4.6.17]. 

Throughout the body of the article we work in much greater generality than 
the situation described above; instead of a classical modular form / as above we 
work with a Hilbert modular newform (j^u over a totally real field F, and assume 
that (f)Yi is either holomorphic of parallel weight 2 or is a Maass form of parallel 
weight 0. Let x be a finite order character of the idele class group of a totally 
imaginary quadratic extension E of F, and assume that the restriction of to 
the ideles of F agrees with the central character of the automorphic representation 
n generated by 0n- We assume that 11, x, and E also satisfy the hypotheses of ijl.ll 
below. The Rankin-Selberg L- function L(s,n x H^), where 11^^ is the theta series 
representation associated to Xj is normalized so that the center of symmetry of the 
functional equation is at s = 1/2. 

Assume first that 0n is holomorphic of parallel weight 2. When the sign in the 
functional equation of L(s, 11 x H^) is 1 we prove a formula (Theorem I4.3.3P re- 
lating the central value 1/(1/2,11 x 11^) to certain CM-points on a totally definite 
quaternion algebra over F. In special cases such results go back to Gross's special 
value formula [10]. Such special value formulas have been used by Bertolini and 
Darmon to construct anticyclotomic p-adic L-functions for elliptic curves [1], and 
such L-functions play a central role both in those authors' work on the anticyclo- 
tomic Iwasawa main conjecture for elliptic curves [2] as well as in the work of Vatsal 
[50] and Cornut- Vatsal [5] [S] on the nonvanishing of L- values in towers of ring class 
fields. We point out also the helpful expository article of Vatsal [3T]. When the 
sign in the functional equation of L(s, 11 x 11^) is —1 we prove a theorem (Theo- 
rem I5.6.2( which includes Theorem |X] as a special case) which generalizes results 
of Zhang [36l Theorem 6.1] and Gross-Zagier [14] by relating the central derivative 
iy'( 1/2,11 X n^) to the Neron-Tate height of CM-cycles on a Shimura curve over 
F. Now assume that <^n is Maass form of parallel weight and that the sign in the 
functional equation of L(s,n x 11^) is 1. In this case we prove (Theorem 14.4. 2p a 
formula expressing the central value i(l/2, 11 x 11^) as a weighted sum of the values 
at CM points of a weight Maass form (related to (/)n by the Jacquet-Langlands 
correspondence) on a Shimura variety of dimension [i^ : Q]. 

Our methods follow those of Zhang [331 13S] and we freely use his results and 
calculations when they carry over to our setting without significant change; the 
reader is advised to keep copies of [34l [36] close at hand. The original contributions 
are primarily found in f}3] and fjll 

The primary motivation for this work is to obtain results on the behavior of 
Selmer groups and L-functions in Hida families. Indeed, the somewhat peculiar 
point Q G Xr(C) defined above plays a central role in the construction of big 
Heegner points [16] in the cohomology of Galois representations for A-adic modular 
forms. Theorem [X] can be used to verify, in any particular case, the conjectural 
nonvanishing of these big Heegner points and can also be used to give examples of 
Hida families of modular forms whose L-functions vanish to exact order one with 
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only finitely many exceptions. The applications to Hida theory and Iwasawa theory 
of the results contained herein is found in the separate article [IS] . 

The author thanks Shou-Wu Zhang for many very helpful conversations. 

1.1. Notation and conventions. The following choices and conventions apply 
throughout the remainder of the article. 

Fix a totally real field F, a CM-extension E/F of relative discriminant and 
relative different T), and denote by A and the adele rings of F and E, respec- 
tively. The integer rings of F and E are denoted Op and Oe, respectively, and w 
denotes the quadratic character oi /F^ corresponding to the extension E/F. If 
M is any finitely generated Z-module we let M denote its profinite completion. If 
a is any nonzero ©F-ideal, Ni?/Q(a) denotes the cardinality of O^/o. If u is a real 
place of F then | • \y denotes the usual absolute value on Fy ~ M. If w is a finite 
place then | • |„ is normalized so that for any uniformizing parameter w of Fy, I^li7^ 
is the size of the residue field of v. For any Op'-module M and any place of F, 
set My = M Opy. For any x G A^ let xOp denote the fractional ideal oi Op 
determined by {xOf)v = XyOF,v for every finite place v. 

Fix a finite order character x ■ ^e/-^^ — ?► C^. Let xo denote the restriction of 
X to A^/F^ and let £ denote the conductor of We abbreviate N(£) = Ne/f{'^)- 
For each place v of F let Xv denote the restriction of x to E^ = {E (>^f Fv)^ ■ 
Let n be an irreducible infinite dimensional cuspidal automorphic representation of 
GL2(A) of central character Xo ^ and conductor n, as defined in N2.1I Factor n = ms 
in such a way that m is prime to N((r) and s is divisible only by primes dividing 
N(£). We assume throughout that n and N(£) are both prime to 5. 

Hypothesis 1.1.1. At times we will assume that 11 satisfies the following hypothe- 
ses. 

(a) For every v \ s there is a character Vy of Fy such that Xv = i^v o '^e^/f^- 
Note that this hypothesis implies that € = cOe for some ideal c of Op- 

(b) For every w | s, is a principal series representation n(/i^, Xq^^/i^ ^) of 
Gh2{Fy) with ^y an unramified quasi-character of F^ . In particular 

ordt,(s) = ord„(cond(xo)) < ordt,(c). 

These hypotheses will be assumed in Sj4] and fj5] but are not needed for the calcula- 
tions of ^ or for the calculations of ^ unless otherwise indicated. 

2. Automorphic forms and the Rankin-Selberg integral 

Let tp : A/F —> be a nontrivial additive character. Fix an idele 6 G A^ in 
such a way that for every finite place w of F the restriction to Fy of the additive 
character -0° : A ^ defined by ■(/'^(x) — ip{S~^x) has conductor Of,v and so 
that for every archimcdean place v the restriction of i/'^ to Fy = W is given by 
ipy{x) = e^'^". This implies that F has absolute discriminant Dp = \S\^^. For any 
finite place v of F we normalize the additive Haar measure dx on Fy in such a way 

1/2 

that the volume of Op^y is equal to |(5|i, , and normalize the multiplicative Haar 
measure d^x on Fy in such a way that the volume of is 1. Then dx and d^x 
are related by 

(2.1) \5\l'\l-\w\y)-d''x^\x\-^ -dx 
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for any uniformizcr vo of F^. On we normalize the Haar measure d^x by 
d^x = Ixl^^d^'^^x, where d^°^x is the usual Lebesgue measure giving [0,1] unit 
mass. For an archimedean place v the additive Haar measure dx on i^^, = M is 
normalized by dx = \5\l^^d^'^^x. In all cases the Haar measure on the additive 
group Fv is self-dual with respect to V'-u- Endow A and with the product 
measures; the quotient measure on A/F has total volume 1 by |331 Proposition 
V.4.7]. 

Fix d E such that dOp = f and rf^ = 1 for w | oo. Let S denote the set of 

places of F dividing c), and for each v G S set hy = ^ ^ '= GL2(i^u), viewed 

as an element of GL2(A) with trivial components away from v. For each subset 
T d S set hx = riuGT ^^'^ view hx as an operator on automorphic forms on 
GL2(A) via {hT4>){g) = <l){ghT). For a £ A^ define eoo(a) = Ylv\oa ^via) where 



ev{a) 



2g-27ra„ if > 

otherwise. 



for each u | oo. Define the usual gamma factors 

Gi(s) = Tr-'/^r{s/2) G2{s) = 2(27r)-^r(s). 

2.1. Automorphic forms. Let (j) be an automorphic form on GL2(A). Then 
admits a Fourier expansion 



^ig)^C4g)+ E ^^((" 1)9) 



aeF 

in which the constant term and Whittaker function W,f, (with respect to ip) 
are defined by |34i (2-4.3)] and [331 (2-4.4)], respectively. For every a G A^ the 
Whittaker coefficient 

is independent of the choice of ip, and a simple calculation shows that the Whittaker 
coefficients of 4> and (j) are related by B{a; (p) = B{—a; (p). The zeta function of cj) is 
defined as the meromorphic continuation of 

Z{s-4>) = |<5|i/2-^ / B{y-<t>)-\yr^/^ d^y 

{^^c,)(y y\yr'/^d^y 

in which both integrals are convergent for Re(s) ^ 0. As in [34l §3.5] we say that an 
automorphic form of parallel weight 2 is holomorphic if its Whittaker coefficient 
has the form 

B{a; cj)) = |a|ooeoo(a) • B[a\ (j>) 

with a — aOp for some fimction B{a; (f) on fractional ideals of Op which vanishes 
on non-integral ideals. 

Let be a finite place of F. If n^, is an ideal oiOF,v define the habitual congruence 
subgroup 



9"GL2(0.,.) 



c e rit,, d e 1 
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For an irreducible, admissible, infinite dimensional representation ttv of Gh2{Fy) 
the conductor of tt^ is the largest ideal Uv such that admits a i^i(ni,)-fixed vector. 
The space -R'i(nt,)-fixed vectors is then 1-dimensional, and any nonzero vector on 
this line will be called a newvector. If v is an infinite place of F then any 7r„ as 
above has a unique line of vectors of minimal non-negative weight for the action of 
S02(K); a nonzero vector on this line is again called a newvector. If tt = ^^t^v 
is an irreducible automorphic representation of GL2(A) then a newvector in tt is 
a product of local newvectors. Such a newvector is unique up to scaling, and we 
define the normalized newvector i/)^ G tt to be the unique newvector satisfying 

Z(s,0O = |5|i/2--i(s,7r). 

If n is an ideal of O^? set Ki{n) = Y[y Ki(nv), where the product is over all finite 
places. 

Suppose w is a finite place of F, (p is an automorphic form which is fixed by the 
action of Ki{n), and (a,n) = 1. We define 

(T„0)(.9) = ^(9h) 

heH{a)/Ki{n) 

where H{ay) is the set of elements of M2{Of,v) whose determinant generates a„ 
and 

v\a V I a 

If a e satisfies o — aOp and a„ = 1 for ti | oo then the Hecke operator Ta 
satisfies [35l Proposition 3.1.4] 

B{l;T^q^)^NF/Q{a)-B{a;(f>). 

2.2. Eisenstein series. For any place w of F and any subset X C Fy let Ix denote 
the characteristic function of X. Let ^(A^) denote the space of Schwartz functions 
on A^ and fix SI € ^(A^). Given a pair 77 = (»7i,7?2) of quasi-characters of /F^ 
we define 

fn^rjAg) = |det(<?)r77i(det(5))^^ n{[0,t] ■ g)\t\^'7^,{t)i^2{t-') d^t 

for s a complex variable and g G GL2(A). Then fn,ri,s lies in the space of the 
induced representation B{rii\ ■ Y^^^'^,ri2\ ■ j^/^^'') of [MJ §2.2]. The Eisenstein series 
defined by the mcromorphic continuation of 

7eB(F)\GL2(F) 

is an automorphic form with central character riir]2. If we set = ( ^ ) then 



according to [331 §3-3] EQ^ri,s{g) has constant term 



and Whittaker function 



Wn,r,,s{g) = J fn,,,,s (^wo ^ dx. 
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To fix a particular Eisenstcin series we let r be an OF-ideal relatively prime to 
and choose r E so that rOp = t and r„ = 1 for w | oo. Define a Schwartz 
function fi^ = Jl tiy 

lr,(x)loj.,„(y) ifwffoo 
nr^y{x,y)^{ w^(2;)lo,(a;)l0x^(y) if w | 

{ix + y)e-''^^^+y^'> if w I oo. 
Taking rj = we abbreviate 

E,.,s{g) = Sn,,,,,s(.g) fz,s{g) = h,,,,,s{g)- 
Proposition 2.2.1. Fia: a G A'* and set a — aOp- There is a product expansion 

B{a;E,,s)^Y[B,{a,E,,,) 

over all places v of F , in which the local factors are given as follows. 

(a) If V is a finite place which does not divide D then for any uniformizing 
parameter w of Fy 

ord„(ar"i) 

i/ord^(o) > ordi,(r), and otherwise By{a] E^,s) — 0. 

(b) Ifv\d then 

BJa-E,,) = I '^"WI^'^IS • |^d|r'^'e.(l/2,c^.,V'S) if ord„(a) > 
^ ' "^''^ \ otherwise 

and 

B„(a;/i,F,,i_,) =L^,(-a)|d|3/2-3«|J|i-2%(l/2,w,V'°)"' -5.(0; 

where e^(l/2, V'S) the usual local epsilon factor as in \19\ §3]. 

(c) // V is archimedean then 

where for t G M 

r p — 2TTitx 

U {i + x){i + x^y-^/^ 

Proof. For v nonarchimedean these formulas are found in Lemmas 3.3.2 and 3.3.3 
of [34]. For V archimedean see [34j Lemma 3.3.4]. At each place our formulas differ 
from Zhang's by a factor of 1). As 1) = 1 this local factor does not change 
the value of i3(a; i?r,s). □ 

Proposition 2.2.2. The Eisenstcin series E^_s{g) satisfies the functional equation 

E.^g) = E,,,^s{ghs) ■ {~i)^^--^^\rS\''-'\d\''-^^'uir ■ detg). 

Proof See §3.2 of [M], especially (3.2.1) and Lemmas 3.2.3 and 3.2.4. □ 
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Let L[s,uj) — Y\,^ L^[s,uj) be the usual Dirichlet i-function attached to uj, m- 
cludmg the gamma factors Li,{s,ijj) — Gi{s + 1) for v \ oo. Writmg L{s,uj) as the 
quotient of the completed Dedekind (^-functions of E and F and using the functional 
equation and residue formulas of 33, VII. 6] gives the functional equation 

(2.2) L{s,u}) = \d6\''-^/^ ■L{l-s,io) 

and the special value formula 

Hp 

in which Hp and Hp are the class numbers of F and E, respectively. 



(2.3) L(0, uj)^^-[0^: O^]-^ ■ 2[^^«-i 



-1 



Proposition 2.2.3. Fix a G and set a — [^^ ^] . For any T C S 



Furthermore if T — S then 



\a\''\S\-'L{2s,uj) ifr = 
otherwise. 



= i[^^Qlu;(a,5)t^(r)|r|2^-i|a|i-^|,S|3«-2|d|3(--i/2) .7,(2_2s,L.), 
and otherwise the integral is 0. 

Proof. Let w be a place of F and, if v is finite, let tu be a uniformizing parameter 
of Fy. We may factor f^^s = Hu f^,s,v where 

A,,,,(5) = |det(5)|: / n,.4[0,t]-g)\t\l'^uj,{t) d^t. 

For any place v one easily computes 

/,,,,,(«) = |a|M(5|-^-L,(2s,o.) 

and, if v € S, 

A,.,, (ah,) = \aS-\\l f n,A-rt, 0)|t|>.(i) d'^t 



which vanishes as rit,i;(— 0) = 0. This proves the first claim. If d is a finite place 
with w 1 5 then 

ft,s.v (^wo dx 



= \aS-'\l J ^ UAtaS-') lo^,Jte) dx j \t\t'uj,{t) d'^t 

= iai:i5iy2- f i.^xtas-'mi^-'u^^t) d-t 

= u.[a5)\a\l-^\5\t'/Wl''^^v{r)L,{2s-l,u). 
If u I 5 then by (HH]) 

/ {tx)0Jv{x) dx = \5\y^{l - \u]\v) I Iqx {tx)LOv{x)\x\v d'^x. 

Jf^ Jf^ 
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The integral on the right vanishes, and hence so does 
ft,s.v (^wo dx 

-l|s In/ +„X-1 j-™Mj-|2s, 



= \aS-^\l J ^ U^itaS~^)(^J l^.Jtx)uj4x)dx^\t\l'd''t. 
StiU assuming f | c), 

J ft.s,v [wo ah^ dx 

= \a\l-'\d\l\5\l-^'^^.,{-a5) f l^x (taS-^) d^'t 

Jf^ 

= u;.(-a<S)|a|^1<5|ri/2M|S. 
Finally, if v is archimedean then 

fz,s,v (^wo dx 

-lal'l-^iy'"' / / tiaS-^i + x)e-^^*''^~'^\-''^''=^'\t\l'LO,{t) d^'t d^'^'^x 



= z.c.,(-a<5)|a|i-^|<5|ri/V-^r(s). 
Putting everything together gives 

fs [wq ahj^ dx 

z[^^Qla;(a<5)cj(r)|r|2''-i|a|i-|,5|''-i/2|d|« . L{2s ii T = S 

otherwise 

and the second claim now follows from the functional equation (|2.2p . □ 

2.3. Theta series. As in [T71 §12] or [51 §2.2] (see also §12.6.1 and §12.6.5 of f^Tj, 

and the references therein) there is an irreducible automorphic representation 11,^^ of 
GL2(A) of central character wxo and conductor J)N(£) characterized by L(s, H^) = 
L(s,x)j where the right hand side is the Dirichlet L-function of x including the 
gamma factors L^{s,x) — ^'2(5) for v \ 00. Denote by 6^ e n^^, the normalized 
newvector and define 

so that has parallel weight —1. 
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Proposition 2.3.1. Fix a e . The Whittaker coefficient B{a; 6) admits a prod- 
uct decomposition B{a;6) = Yiv ^^i^^^ ^) over all places of F in which the local 
factors are given as follows. Let v be a place of F, and if v is finite let w he a 
uniformizing parameter of Fy . 

(a) // V is finite and inert in K then 

{Xv{'^)^°'^'^"^°'^ if ordi,(a) > 0, ord„(a) even, Xv unramified 
1 if ord„(a) = 0, Xv ramified 

otherwise. 

(b) // V is finite and splits in K then identify = F^ x F^ . Set a = if the 
restriction of Xv to the first factor is ramified, and a = Xv{'^, 1) otherwise. 
Set 13 = Q if the restriction of Xv to the second factor is ramified, and 
/? = X„(f,n7) otherwise. Then 



i+j— ord^, (a) 

Here we adopt the convention that O'^ = 1 in case one or both of a, P is 0. 

(c) If V \ D (so that Xv is unramified) let we denote a uniformizer of Ey. Then 

Byia;0) = \a\lf^.{ ^"(--)°""^"^ if ord.(a) > 
^ ' ' [0 otherwise. 

1 /2 

(d) If V is archimedean then By{a;6) — \a\v ev{~a). 

Proof. When xo is trivial this is a restatement of Lemmas 3.3.6 and 3.3.7 of [34j . 
The proof of the general case is identical. □ 

Proposition 2.3.2. The local Whittaker coefficients of 9 satisfy 

u!y{a)By{a;9) = By{a;9) ifvjD-oo 
u!y{a)By{a;9) = —By{a\9) if w | oo 

i^y{a)By{a-hJ) ^ x^.(S)et.(l/2, w, • B^(a; iiv\X). 

Furthermore 9 satisfies the global functional equation 

9{g)^9{ghs)-uj{detg)-xm-{~ii^--'^\ 

Proof. When xo is trivial this is [34l Lemma 3.2.5], and the proof of the general 
case is identical. □ 

Lemma 2.3.3. Let x*(t) — x(t) where t i-^t is the nontrivial involution of E/F, 
extended to . The following are equivalent 

(a) is noncuspidal 

(b) there is a character v : / F^ — ^ such that x = o N 

(c) X* = X- 

Proof. If (b) does not hold then is cuspidal by [T71 Proposition 12.1]. Conversely, 
if (b) does hold then comparing L-functions we see that 11^ is isomorphic to (indeed, 
is defined as) the principal series n(i/, i^w), hence is noncuspidal. Thus (a) and (b) 
are equivalent. The equivalence of (b) and (c) is a consequence of Hilbert's theorem 
90. □ 
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Lemma 2.3.4. Assume that £ = Oe and that the equivalent conditions of Lemma 
rOJI hold. Then 

(2.4) Kdet5) • Eo,M9) = {"iT-'^M^'^Oig) 

where Eop,s is the Eisenstein series of '^2.2\ with r = Op- 

Proof. As in the proof of Lemma |2.3.3[ 11^ is isomorphic to iKv^vu:), and so is 
generated by v{dei g)Eop ^1/2(9). As both e{g) and v{<^et g)EQp ^1/2(9) are Ki{i})- 
fixed and of parahel weight —1, they must be scalar multiples of one another. To 
compute the scalar we compute Whittaker coefhcients. For any a G , comparing 
Propositions 12.2.11 and 12.3.11 gives 

By{a-Eo,,i,2)=vM^v{a5)By{a-hye) ■ \ X.(®)MkV' if W 00 

Using Proposition 12.3.11 we see that both sides of (12. 4p have the same Whittaker 
coefficients. □ 

2.4. The kernel 9. For each v £ S set as.v = 1 + x^(2))|d|y^~*/i.u and define the 
symmetrized kernel 



\ves J 



= 5]xt(2))MIt 'BighM^sighr) 

TCS 

where the subscript T indicates the product over all v £ T; e.g. xt = IIugtXi'- 
For every place v oi F define 

{—1 if I cx) 

ujy{r)\r\l^-^ ifHr 
\d\l'^ ^ otherwise 

and set e(s,r) — Yl^ e„(s,r, -0), so that 

e{s,v) = (-l)[^^Qlc.(r)N^/Q(c)r)l-2^i?].-^^ 
Combining Propositions 12.2.21 and 12.3.21 gives the relation 

e{g)E,,s{9) = e{s,x)\dr^^^xm ■ e{ghs)E,^^.,{ghs) 

and hence 

( n^^.") H9)EUg)\ =e(s,r) ( H X.(2))Mir ) [%)i?r,i-.(3)] • 

For V £ S the operator h'^ acts as Xo,v{'^) = (®)^ automorphic forms of central 
character xa- Thus we may replace the expression x^(2))|c?| y Cs.vhv with <Jl — s,V 
to arrive at the functional equation 

(2.6) e,^,(<?)==e(s,r) -6,4-3(5). 

As in [34l §3.3], multiplying the Fourier expansions of 9{g) and E,:.s{g) shows 
that the product 6{g) ■ E^^s{g) has constant term 

1 
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and Whittakcr function 

W,,,(5) = Ce{g)W,A9) ^ C,.s{9We{g) 



1 



From the Fourier expansion of 9{g)Et.s{g) and the definition of the symmetrized 
kernel we find the decomposition 

(2.7) B{a;Q,A^Ao{a;e,A+Ai{a;e,A+ ^ B(a, 77, ^; 8,,,) 
in which the terms on the right hand side are defined by 

TCS 
TCS 
TCS 

where we have abbreviated a ^ ( , | . If we define 



By{rja;9) 



then the local functional equations of Propositions 12.2.11 and 12.3.11 imply the fac- 
torization 

Bia,rj,^;e,A^Y[B4a,v,e,Q...s)- 

V 

Lemma 2.4.1. For every place v of F, every a G A^ , and every rj,^ G F^ , 

By{a, 77, ^; Q^,s) = w„(-ry^)e„(s, r, ip) ■ By{a, ry, ^; Qt,i-s)- 

Proof. This follows from direct examination of the explicit formulas of Propositions 
12.2.11 and 12.3.11 For v \ 00 one also uses the functional equation satisfied by Vs (t) 
found in ^4, Proposition IV. 3. 3 (c)]. □ 

Proposition 2.4.2. Suppose ri,£^ G F^ , rj + = 1, and ijjy{—r]£) ~ e^(l/2, r, -(/;). 
Fix a G and abbreviate, here and later, 0^ = Qz,i/2- 
(a) If V is a finite place which is split in E then 

By{a,Tj,^;Q,) = \a\Ml^^^v{S){oidy{^av-^) + l) ^ 

i.]>0 

z/ ordt, (77a) and ordi,(^ar~^) are nonnegative, and is otherwise. Here a 
and 13 are as in Proposition \2.3.7\ 
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(b) Suppose V is a finite place which is inert in E. If Xv unramified then 

i/ord„(77a) anrf ord^(for"^) are even and nonnegative, and is otherwise. 
If Xv is ramified then 

i3.(a,77,C;eO = |akh^iy'^.('^) 

if OT:Av{ria) = and ordi,(^ar^^) is even and nonnegative, and is other- 
wise. 

(c) // w I c) then 

i/ord„(?7a) anc? ord^, (^a) are nonnegative, and is otherwise. 

(d) // V is archimedean then 

B^{a,r],^;Q,:) = 2i|?7^|y^|a|„w„((5) • e^i-a). 

Proof. This follows from Propositions 12.2.11 and 12.3.11 For v \ oo one also uses the 
special value formula for Vi/2{t) found in Proposition IV. 3. 3 (d)], which implies 

By{a; = -i\a\y'^ujy{5) ■ e„(-a). 

□ 

2.5. The Rankin-Selberg L-function. Recall the automorphic representation 11 
of GL2(A) of ^l.ll and assume Hypothesis 1 1.1.1 1 Fix a Haar measure on GL2(A/) 
and let Z denote the center of GL2 . Setting Fao — F R we identify 

GL2(Foo)/Z(Foo)S02(Foo) = ^[^^Ql 

in the usual way, where "H = C — R is the union of the upper and lower half-planes 
equipped with the hyperbolic volume form y~^dxdy. Suppose Fq and Fi are two 
automorphic forms on GL2(A) for which FqFi is a square integrable function on 
GL2(F)\-H['^^Q1 X GL2(A/)/Z(A/). If C GL2(A/) is a compact open subgroup 
we define the Petersson inner product of level K 

"'gL2(F)\«[-P^« xGL2(Aj:)/Z(Aj) 

where the quotient measure is induced by the Haar measure on Z{Kf ) giving 
volume 1. For any b £ A'^ with trivial archimedean components set Rb = 



1 

and view Rb as an operator on automorphic forms by {Rb(t>){g) = (f){gRb). Let b be 
an ideal oi Op dividing Oc^s^^ and fix 6 e A'* with trivial archimedean components 
and bOp = b. Let L{s, H x H^) be the Rankin-Selberg L-function defined as in [MJ 
§2.5] (see also 27, §12.6.2] and the references therein). 

Proposition 2.5.1. Let (/)n £ Tl be the normalized newvector and set r = mc^. 

Assume that H„ is a discrete series of weight 2 for each v \ 00. Then 

Vol(ifo(c)r))-i J M9Rb)0{g)E,.s{9) dg = \6\^'^-'\bY~^B{b- e)L{s, H x HJ. 

Proof. Hypothesis II. 1.11 implies that for every finite place v either H„ or H^ is 
a principal series. Hence the claim follows from Propositions 2.5.1 and 2.5.2 of 
Bl. □ 
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Under the notation and assumptions of Proposition 12 .5 . 1] a direct calculation as 
in [341 Lemma 3.1.2] gives 

(2.8) {Rb^n,Q.,s)Koi,.) = L{s,Ux U^) ■ \S\'^^-' [] 7s,«W 

where 

1^ 1 II w I c. 

2.6. Central derivatives and holomorphic projection. Throughout 12.61 we 
assume that e(l/2, r) = —1. For any 77, f € with 77 + ^ = 1 define the difference 
set 

Difr,(77,e) = {places of F | uj,{-rjO ^ e„(l/2, r, t^)}. 
Note that the cardinality of Diff^(?7,^) is odd, and that Lemma [2.4.11 implies that 
Bv{a,r], ^,Q^) — for each v S Diff^(77,^). In particular i?(a, 77, ^; 6^) — 0. Note 
also that Diffr(?7,^) contains only places which are nonsplit in E, as v split implies 
that both ujy{—ri£^) and e„(l/2,r, -0) are equal to 1. Define 



0;(5) = 



s=l/2 

and, with notation as in (j2.7p . abbreviate 

and similarly with B{-) replaced by Bv{-). For t a positive real number define 



Proposition 2.6.1. If w £ Diffr(77,^) then 

B{a, ry, e'J = (a, r,, e'J • J] (a, r,, 6,). 

The value of Bi^{a,r],^,Q'^) is given as follows. 

(a) Suppose w \ 00 is inert in E. If Xw 'is unramified then 

B„(a,r7,C,e;)-L.„(^)|77eli/'|ak«log|^ar-l^7Ux^.M^°'^^"('^'') 

j/ordu,(7?a) is even and nonnegative and ord^, (^ar~^) is odd and nonnega- 
tive; otherwise the left hand side is 0. If Xw is ramified then 

B^{a, 1], e;,) = uj^{6)\ri£_\U'^ \a\^ log \^ar~^m\^ 

i/ord^j (r/a) — and ord„, (^ar^^) is odd and nonnegative; otherwise the left 
hand side is 0. 

(b) If w \ 00 is ramified in E then 

BUa,V,L&.) - 2c.^(,5)|77^|y2|^|^|^|i/2^^(^^)ord„(,a) . ,^(^^^0) . iog\^ad\^ 

if ordu, (77a) and ord^, (^a) are nonnegative; otherwise the left hand side is 
0. 
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(c) If w \ oo then 

if rjwCLw < and S,waw > 0; otherwise the left hand side is 0. 

Proof. The first claim follows from Lemma 12.4.11 and the remaining claims follow 
from the formulas of Propositions 12.2.11 and 12.3. 1[ together with the equality 



as 



= -27rie"2^*9o(-47rt) 

--1/2 



for t < 0, which is found in 14, Proposition IV. 3. 3(e)]. □ 

Remark 2.6.2. It follows from Lemma [2.4. II and the first claim of Proposition 12.6.1] 
that B{a,7],£_;<d'^) vanishes unless Diff^(7;,^) consists of a single place, necessarily 
nonsplit in E. 



Let ^t{g) be the holomorphic projection of Q'^{g)- Thus <I>t is the unique holo- 
morphic cusp form on GL2(A) of parallel weight 2 such that (</>, ^t)K — {<P, ©Oif 
for any cusp form (p and any compact open subgroup K. If the representation 11 of 
ij2.5l is discrete of weight 2 at every archimedean place then (|2.8p implies 

('^n,<i>r>Ko(o.) -2i^iL'(i/2,nxnx). 

We now describe the coefficients B{a, as in [SU §3.5] (see also [35l §6.4]). If w 
is a finite place of F define 

(2.9) B-(a;<i>,) = (-2*)[^^«u;oo(5)El^^l-'-^-(«'^'^;©r) H B4a,r^,^;e.) 

where the sum is over all 77,^ £ with 77 + ^ = 1 and DifFj(?7,^) = {w}. This sum 
is finite and is for all but finitely many w. For t, cr G R with cr > define 

M^(t) = I ^1°° W^t^ if ^ < 

I otherwise. 

If w I c» then we set 

(2.10) B-{<J, a; $,) = (-2*)[^^Qlwoo(<5) ^ Iv^^i'MAU ' H Ma,V,^;Q.) 

where the sum is over all 77, ^ € with 77 + ^ = 1 and DiS^{ri, ^) = {w}. 
Proposition 2.6.3. The Fourier coefficient B(a; $r) decomposes as 
B{a; $0 = A{a) + D{a) + ^ B'^'ia; $,) + const.^o 

w]oo u;|oo 

in which A{a) is a derivation o/n^® | • 1^^^ and D{a) is a sum of derivations of 
principal series in the sense of j34| Definition 3.5.3]. 

Proof. When xo is trivial this is exactly [SH Proposition 3.5.5], and the proof when 
Xo is nontrivial is exactly the same. □ 
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2.7. The weight zero kernel. We define an autoniorphic form Q* ^ in exactly 
the same way as Q^.s but replacing 9 by 6^ everywhere in the construction of §2.41 
Thus 



\ves I 



is a nonholomorphic form of parallel weight 0. Using the relation 

u (n-ft \- \ By{a;9) if v ] oo 
^v[a,u^) - <^ B4~a;9) if v \ oo 

and repeating the arguments of W2A\ we find that the weight zero kernel satisfies 
the functional equation 

©:,s(5)-(-l)[^^^le(s,r).e,V,(5) 
and admits a decomposition 

B{a;Q;j^Aoia;e:j+A,{a;e;j+ ^ B(a,?7,^;e;j 

»,+{=i 

in which Aq and Ai are defined exactly as in i 32.4l but with 9 replaced by 9^. There 
is a further product decomposition 

V 

where for i; f oo one has By{a, 77, ^; 0* — By{a, 77, ^; 0r,s) while for i; | cso 

R (n n )-^ -4^|akhe|y'^.(<5)e-2-«^(l-2^") if - l,^.^. < 

ii„ia,r,,t,U,,J-| ^ otherwise. 

Assume that the representation 11 of mA\ satisfies Hypothesis II. 1.11 and is a 
weight principal series for every archimedean v. The Rankin-Selberg L-function 
L(s,n X n^) is defined exactly as in ^ 32. 5) but with the archimedean factors now 
given by [36^, (5-4)]. With notation as in Proposition l2 . 5 . ll one again has the integral 
representation of the Rankin-Selberg L-function 

(2.11) {Rb^n,ei:)Ko(i>.) = L{s,U X U^) ■ \S\'/^-' l[jsAb) 



vl'Oc 



exactly as in 



2.8. The quasi-new line. Suppose the representation 11 of ! j 1.1 1 satisfies Hypoth- 
esis II. 1.11 and is unitary. Set r ~ mc^. Fix a place w of dividing Z)c and a 
uniformizer ru of F^. As H„ has conductor — xiy, [Ml Proposition 2.3.1] implies 
that the space of Ki{x:y) fixed vectors of H^ is finite dimensional with basis 

{i?^.0n,„ I < fc < ord„(rs-i)} 

where (j)n,v is any newvector in Ht, and Rb is as in §2.51 Define a linear functional 
Ay on this finite dimensional vector space by the condition 



where, in the notation of 1 

2 if w I i) 
1 if u I c. 



nAb) = \b\A^^By{b;9) 
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Definition 2.8.1. If u | Oc tfien tfie quasi-new line in lit, is tfie ortliogonal com- 
plement, in tlie space of Ki{v.u) fixed vectors, of the kernel of A«. li v \ dc then 
the quasi-new line is defined to be the span of the newvectors in n„, i.e. the line 
of Ki{mv) = Ki{xv) fixed vectors. The quasi- new line in 11 = ^^^v is the ten- 
sor product of the local quasi-new lines, and a quasi-newform in 11 is any nonzero 
vector on the quasi-new line. 

Proposition 2.8.2. Assume that either Tl orTL^ is cuspidal and thatUy is discrete 
of weight 2 at each archimedean v. The projection of 6t(<?) to H lies on the quasi- 
new line; if, in addition, e(l/2,r) — —1 then the projection of ^ tig) to 11 lies on 
the quasi-new line. If we instead assume that 11 has weight at every archimedean 
place then the projection of Q*{g) to H lies on the quasi-new line. 

Proof. There is an evident global characterization of the quasi-new line in H: for 
each b | ts~^ fix 6 G with bOp — b. The set {Rb4'n \ b divides rs~^} is a basis 
for the space of Ki (r)-fixed vectors in 11, and the quasi-new line is the orthogonal 
complement (in the -fiTi (r)-fixed vectors) of the kernel of the linear functional A 
defined by 

In the weight 2 case (|2.8p implies that the projection of 9 r to 11 is orthogonal to 
any form in the kernel of A, hence lies on the quasi-new line. If e(l/2, r) = —1 then 
L(l/2,n X n^) = and again (|2.8p shows that the projection of to 11 lies on 
the quasi- new line. In the weight case one uses (|2.1ip in place of (12. 8p . □ 



3. CM CYCLES ON QUATERNION ALGEBRAS 

Let _B be a quaternion algebra over F and assume that there is an embedding 
E ^ B, which we fix once and for all. Let T and G denote the algebraic groups 
over F determined by 

T{A) = {E(^F A)"" G{A) = {B®F AY 

for any F-algebra A, and let Z denote the center of G. We denote by N both the 
norm T ^ Z and the reduced norm G ^ Z . Let t ^the the involution of T(A) 
induced by the nontrivial Galois automorphism of E / F . 

3.1. Preliminaries. Define B+ = E and B- = {b B \ bt = tbVt e E}. It follows 
from the Noether-Skolem theorem that B^ is nontrivial, and from this one deduces 
that B = _B+ ® B~ with each summand free of rank one as a left i?-module. For 
any 7 € G{F) the two invariants 

,,1, N(7+) , N(7-) 

(3.1) T]- 



N(7) " N(7) 

where 7^ denote the projection of 7 to B^, depend only on the double coset 
T{F)'-fT{F) and not on 7 itself. A simple calculation shows that all elements 
of B^ are trace-free and that N(7) — N(7+) + N(7^). For any place v oi F let 
B^ = B^(»FFy. We say that 7 is degenerate if {ry.C} = {0,1} (i.e. if 7 € B+UB~), 
and that 7 is nondegenerate otherwise. Of course we may make similar definitions 
for 7 e G{Fy) for v any place of F. 
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Lemma 3.1.1. The function 7 i~> (77,^) defines an injection 

T{F)\G{F)/T{F) ^ Fx F. 

The image of this injection is the union of {{1,0), (0, 1)} and the set of pairs (77, 
such that r],^ ^ 0, rj + ^ = 1, and for every place v of F 

, . , / 1 if By is split 

(^•2) '^"(-'?^) = I -1 otherwise. 

Proof. This is stated without proof in [Ml §4.1]. We leave the injectivity as an easy 
exercise, and sketch a proof of the second claim. Choose a generator e for B~ as a 
left iJ- module and write E — F[^/A]. Then B has as an F-basis {1, -^A, e, -s/A • e}, 
or, in the standard notation (as in [4j Example A. 2]), B = (^^^-p^^ ■ It follows 
that the right hand side of p.2[) is equal to the Hilbert symbol 

(A,-N(e)), =o.„(-N(e)). 

On the other hand it is easy to see that for any nondegenerate 7 e G{F) we have 
^v{vO = '^w(N(e)), so that (77, ^) satisfies p.2p . The condition 7/+^ = 1 is clear from 
the additivity of N with respect to the decomposition B — B^ B^ noted earlier. 
Conversely, given a pair 77,^ G F^ satisfying p.2p and rj + £^ — 1 we must have 
(A, — N(e))„ — (A, — jyOu for every place v. It follows from the Hasse-Minkowski 
theorem that there are x,y E F such that 



Taking 7 = 1 + (a; + yvA)e shows that {r],^) arises from a nondegenerate 7. Any 
degenerate 7 generates either i?+ or B~ as a left E'- module and so has image either 
(1, 0) or (0, 1), respectively. □ 

Lemma 3.1.2. For any nondegenerate 7 € G{F) and any place v of F set 

Then Y[y Tvi'y) — 1 where the product is over all places of F. If v is an archimedean 
place then Tv{'j) = w^((5) • i ■ \ri£,\l^^ . 

Proof. The functional equation (|2.2p and [lH Corollary 4.4] imply e(s, uj) = |d(5|*~^/^ 
while "W, (3.29)] gives 

l'5|?~^^^'^t)('5)ei,(s,a;,?Aj!) = e^,(s, w, -0i.)- 

From this it is clear that Y[y Tvil) = 1- If is archimedean then £{s,uj,ipy) = i hy 
[T^ . Proposition 3.8(iii)]. As Xt, is the trivial character, the final claim follows. □ 

3.2. Heights of CM-cycles. If ?7 C G(A/) is a compact open subgroup we define 
the set of CM points of level U 

Cu=T{F)\G{Af)/U. 

By a CM-cycle of level U we mean a compactly supported (i.e. finitely supported) 
function on Gij. There is a unique left r(A/)-invariant measure on Cu with the 
property that 

/ f{9) dg^ [ f(^9^ 

JG(h.t)/U JCn ,^r,.,,^.,,^,,^.^,r^ 



tGT{F)/{Z(F)nU) 
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for every locally constant compactly supported function / on G{Af)/U, where the 
measure on G{Af)/U gives every coset volume one. The measure on Cu assigns to 
each double coset T{F)gU a volume equal to the inverse of 

[T{F) n gUg-'^ : Z{F) n U]. 

Given compact open subgroups U d V the measures on Cu and Cy are related by 



(3.3) / J2 fWdg^^ I fig) 



dg 



for any CM-cycle / of level U, where Xu = [Op : Op CiU] and similarly with U 
replaced by V. 

Given a T{F) bi-invariant function m on G{F) define a function on G{Af) x 
G{Af) by 

(3.4) k^ix,y)= J2 luix-'iy)-mij) 

yeG{F)/{Z{F)nU) 

where Ijj is the characteristic function of U. We will address the convergence of this 
sum as the need arises; for the moment assume that the sum converges absolutely 
for every x,y. Note that descends to a function on Cu x Cu- If P,Q are 
CM-cycles of level U define the height pairing in level U with multiplicity m 



(3.5) (P, QYff = / Fix) ■ k^ix, y) ■ Q{y) dx dy. 

JCuX-Cu 

As in [34, (4.1.9)] a simple calculation shows that there is a decomposition 

(3.6) {P,Q)u= E {P,Qyu-m{j) 

7eT(F)\G(F)/T(i^) 

where for every 7 e G{F) 

{P,Q)l=j E P{5ymy)dy 

JCu SeT(F)\T(F)^T(F) 

is the linking number of P and Q at 7. 

Abbreviate Uz = U (1 Z{Af) and Ut = U nT{Af) and suppose now that U is 
small enough that x is trivial on Ut- We will say that a CM-cycle P of level U is 
X-isotypic if for all t £ T{Af) and g S G{Af) we have P{tg) = x{t)P{9)- 

Lemma 3.2.1. Set x*(^) — xit)- Suppose P and Q are x-isotypic CM-cycles of 
level U and that Q is supported on the image o/T(A/) — ?> Cu- If 1 ^ G{F) is 
degenerate then 



[T{Af) : T{F)Ut] 



P{l) if (r?,O = (l,0) 



{P.QVu = ■ mFTnU-Z^FVnm \ ^^^^ if (^,0 - (0,1) and x* - X 
// 7 is nondegenerate then 

{p, Qyu^m- [^(A/) : z(p)t/z] E pit-'it). 

teZ{Af)\T{Af}/UT 
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Proof. First suppose that 7 is degenerate. Then 7 normahzes T{F) and so 

{P,Q)Jj = [ Phy)Qbj)dy 

JCtt 



P{y'^iy)Q{i) dy. 

T{F)\T{Af)/UT 

If (r;,^) = (1,0) then 7 £ T{F) leaving 

(P, Q)^ = Vol(T(F)\r(A;)/[/T) • P(7)g(l)- 
If {r/, ^) = (0, 1) then 77/ = ^7 for every y E T{Af), leaving 



(p,g>2, = p(7)Q(i)- / x{yr'x*iy)dy. 

JT{F)\T{Af)/UT 

In either case the first claim follows. Now suppose that 7 is nondegenerate. The 
nondegeneracy of 7 implies that j~^T(F)j n T{F) = Z{F) and so 



JT{F)\T{Af)/UT SGT{F}\T{F)yT{F) 
JT(f )\T(A,)/C/t t^Tt^pyziF) 



= Q(i) / ^(y^Sy) dy 

J Z(F)\T(KA/Ut 



IZiF)\T{Af)/UT 

where the measure on Z{F)\T{Kf ) /Ut gives each coset volume 1. The second 
claim follows. □ 



In particular, if the U = Uy and P = Y[y Pv of Lemma [3. 2. II arc factorizable 
and 7 is nondegenerate then there is a decomposition 

(3.7) (P, Q)l^m- [Z{Af) : Z{F)Uz] ■ [] Ol{Py) 

V 

where the product is over all finite places of F and 

(3.8) OZ{Py)= Pv(t-H) 

is the orbital integral of P^ at 7, where we abbreviate Ut,v = Ey ^ ^v- 

The remainder of devoted to the computations of orbital integrals for specific 
CM-cycles, and we fix the following data throughout !j3.3l and ^3.41 Let u be a finite 
place of F and fix e„ G such that E^ei, = B~ . We assume that N(ei,) € Of,v 
and let e be an ideal of Op satisfying = N(e„)C'i?^i,. Define an order of By by 

Fix a uniformizing parameter w ^ F^. 
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3.3. Local calculations at primes away from N(£). Assume that v | N(£) and 
set Uv — Ry ■ Define a function on G{Fv)/Uv by 

For each ideal a C Of set H{av) = {h E Ry \ 'N{h)OF,v = ctu} and define another 
function on G{F^)/Uy 

heH{av)/U^ 

For each nondegenerate 7 G G{Ev) we wish to compute the orbital integral 
(3.9) OliP^.aA^ E Px..Ut''lt)- 

Proposition 3.3.1. Suppose v is inert in E and 7 € G{Fy) is nondegenerate. 
Then i3.9\) is nonzero if and only if OTdy^rja) and ord^(^ae^^) are both even and 
nonnegative. When this is the case 

Ol{Px,aA^Xv{ri)Xv{l^)Xv{-co)°-''^^. 



Proof. Suppose 7+ = 1, so that 7=1 + /3e„ with /? e . The expression p.9p 
reduces to 

0'ui.Px,aA) ^ Px-^,'"{l) 

00 

= Xv{a) E Xv{'^f'^HM{-^~^l) 
fc— — 00 

Using ordt,(ry) = — ord,j(N(7)) we see that the only possible contribution to the 
inner sum is for k satisfying 2k — — ordi,(ryo). Thus we may assume that ord^(77a) 
is even, leaving 

= xMx. (tn) (n7^°'-^" '""^ 7) 

which is nonzero if and only if 

tn5-d„(^a)(^ + /3e„) e Oe^v + OE,vev 
Thus Olj{Px,a,v) is nonzero if and only if both 

ord„(rya) > ordi,(r/a) > -ord„(N(;S)) 

hold. The observation that 



ori 



d,(eae-i) = ord„(a) + ord,(N(/3)) - ord,(N(7)) = ord„(r/a) + ord„(N(/3)), 



together with ordt,(N(/3)) G 2Z completes the proof when 7+ = 1. For the general 
case simply note that if 7 is replaced by t^ with t e E^ then both sides of the 
stated equality are multiplied by Xf (0- Thus it suffices to prove the claim for a 
single element of E^^. □ 
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Remark 3.3.2. In the proof of Proposition l3.3.l] it sufficed to treat the case 7+ = 1. 
This will remain true in all remaining computations of orbital integrals in §3.31 and 
H3.4I We will continue to state the results for arbitrary 7, but in the proofs we will 
assume that 7"'' = 1. 

Proposition 3.3.3. Suppose v is ramified in E and 7 G G{Fy) is nondegenerate. 
Then i3.9\) is nonzero if and only if ordvirja) and ord„(^ae^^) are both nonnegative. 
When this is the case 

for any uniformizer -cue G Ey. 

Proof. Write 7=1 + /3e„ with /3 e E^ . Equation (|3.9I) reduces to 

00 

fc— — 00 

The only possible contribution to the final sum is the term k = ordy(77a), leaving 
^uiPx^a,v) 

- X.(a)x.(n7^)-°'-^"(''") [lfl„ (n7°'-'^"(''»^) + lHi.^^{va°^''^^^''^-'jWE)] . 
The remainder of the proof is exactly as the proof of Proposition 13.3.11 □ 

Proposition 3.3.4. Suppose v is split in E andj € G{Fy) is nondegenerate. Then 
I13.9\) is nonzero if and only i/ord(ryo) and ord„(^ae~^) are both nonnegative. When 
this is the case 

Ol{Px,a,v) = U^)Xvil+) ■ (1 + ord,(eae-i)) ^ a'/3^ 

i+j—ord^, (77a) 
hj>0 

where, under the identification E^ = F^ x , 

Proof. Write 7=1 + /3e„ with P e E^ , so that 

ord„(77) = -ord„(N(7)) and ord„(^e"^) = ord^(77) + ord^(N(/3)). 
For any teT{Fy) 

Px,a,v{t~^lt) = Xv{a) Xvis) ■'i-HMist'^lt), 

and the only terms in the final sum which may contribute are from those s satisfying 
ord„(N(s)) — ordt,(7ya). Fix an isomorphism Oe,v — Of,v x Of,v and set = 
{w\w^). Then 

(3.10) P^^,,,{t-^^t) = xv{a) a-'fi-'-^RM.jt'ht)- 

The set {ekfl | fc € Z} is a complete set of coset representatives for F^\E^ /O^ ^, 
and 

^kfl ■ 7 • efc.o = e^_o(l + Pey)ek,o = 1 + e-k,kl3ey. 
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Combining p.9p and p.lO|) therefore gives 

oo 

(3.11) O^iP^.,,,) = xv{a) li?„(e,j(l + e-M/3e„))- 

The inner sum counts the number of k such that 

Si.J + ei-k,j+kP^v G Oe,v + Oe.v^v 

When i+j = ord„(77a) the condition j G Oe,v is equivalent to < i, j < ordj,(?7a), 
and so the outer sum may be restricted to i,j > 0. The inner sum then counts the 
number of k such that 

ei-k,j+kf3 e Oe,v 

Replacing /3 by an ^-multiple does not change the number of such k, and so we 
may assume that /3 = Cs^t for some s,t dZ,. The inner sum of (13. lip is then equal 
to 

#{/c eZ\i-k + s>0, j + k + t>0} = i+j + s + t + 1 

= ord„(77a) + ord„(N(/3)) + 1 
= ord„(^oe"^) + 1 
if ord^(^ae~^) > 0, and is equal to otherwise. Thus p. lip reduces to 
Ol{Px,,,,)=Xv{a){ord,{^ac-') + l) ^ a-'T' 

j+j=ord„(r)a) 
i,j>0 

when ordt,(^ae^^) > 0. Using Xv{v^) = a'+^/3'+^, the proposition follows. □ 

Corollary 3.3.5. Suppose v\ N(£), 7 £ G{Fy) is nondegenerate, and r is an ideal 
of Op with = ty. Then 

HMl'^r^h) ■ 02j{Px,a,v) = B,ia,r,,C, 6,) 
where T^i'j) is as in Lemma \3.1.2\ 

Proof. Propositions 13.3.11 13.3.31 and 13.3.41 give explicit formulas for the left hand 
side, while Proposition l2.4.2l gives explicit formulas for the right hand side. □ 

We now turn to the calculation of Px.a,v{^) and Px,a.v{^v)- 

Lemma 3.3.6. Suppose that v is inert in E. Then 

p (I) — [ Xd(^)^°'^'^"^°' if ordi,(a) is even and nonnegative 
'^'"'^ \ otherwise 

p ( \ — I (c)Xt)(^)'™'^"^°' if ordt,(ae~^) is even and nonnegative 
^'"■"^'"^ ~ I otherwise. 

Proof. Exactly as in Proposition 13.3.11 

oo 

Px,a,v{9) = Xv{o) ^ Xv{-Co)~^lH(a^){-^''9)- 

k— — oo 

If 5 = 1 then ord^(N(g)) = and the only contribution to the final sum is when 
2k — ordi,(o). Thus we may assume that ord„(o) is even, leaving 

Px.a,«(l) = X.M^°'^'"('^)lfl„(n7^-<i"('^)) 
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which proves the first claim. If 5 = ev then ordi,(N((7)) = ord„(e) and the only 
contribution to the above sum is for k satisfying 2k + ordt,(e) = ordi,(o). Thus we 
may assume ordi,(ae~^) is even, leaving 

which proves the second claim. □ 

Lemma 3.3.7. Suppose that v is ramified in E, and let we be a uniformizer of 
Ey . Then 

r Xvi^ET"^^''^ if ord,(a)>0 
^'"'^^ ^ 1 otherwise 



X.(e)x.(tnB)°'-d-'("^"') if ord,(oe-i) > 
otherwise. 



Proof. The proof is nearly identical to that of Lemma 13.3.61 and the details are 
omitted. □ 

Lemma 3.3.8. Suppose that v is split in E, and let a and f3 be as in Proposition 
[0:71 Then 



i.j>0 



z+j— ordi,(ac ) 



Proof. On the right hand side of 



the only terms which may contribute are from those t satisfying 

ord^(N(t)) = ord,„(a) - ord„(N(g)). 
Fix an isomorphism Oe,v — Op.v x Of,v and set j = (zu^jW^). Then 
Px,a,v{g) ^ Xvia) a^'p-nR^{eijg). 

i+j— ordi; (a) — ord^, {N((;)) 

The lemma follows easily from this equality, using a/3 = X)j(cc). □ 

Corollary 3.3.9. Suppose v does not divide N(£) and that a G satisfies aOp = 
a. Then 

= \a\A^^By{a-e). 
If we pick e G such that eOp — e then 

Px.U^v) = Xv{e)\e\l/^\a\A^'B,{ae-';9) 
Proof. Compare Lemmas 13. 3. 6[ [3.3.71 and 13.3.81 with ProDOsition r2.3.1l □ 



TWISTED GROSS-ZAGIER THEOREMS 



25 



3.4. Local calculations at primes dividing N(£). Let i; be a finite place of F 
dividing N(£) (in particular v Assume that 

(3.12) ord„(N(e:)) < ordi,(e) 

and let C/„ C be the kernel of the homomorphism — > {Oe,v/^v)^ given by 
X + yey !-> X. Define a function P^^y on G{Fy) by 

PxA9)= J2 Xv{t)luAt~'9)- 

teE^ /Ut,v 

For each nondegenerate 7 € G{F.i,) we wish to compute the orbital integral 

(3.13) O^PxA^ E PxAt^'lt)- 

In accordance with Remark l3.3.2l we will state the results for any nondegenerate 7 
but will assume in the proofs that 7+ = 1 and write 7=1 + ficy with /? G Ey . 

Proposition 3.4.1. Suppose v is inert in E and 7 G G{Fy) is nondegenerate. 
Then i3.13]) is nonzero if and only if ordy(?7) = and ordy{S^c^^) is even and 
nonnegative. When this is the case 

OUPx.y) = [Oly:O^^M-Xv{7+)- 

Proof. In this case (|3.13p gives 

oUPxA = E PxAt-'it) 

As Uy = Ut,v + OE,vf-vi the only way that s~^t~^"ft = s~^{l + fH^ey) can lie 
in Uy is if s G Ut,v Therefore only the term s = 1 contributes to the inner sum, 
leaving 

Ol{PxA= E lc/„(l+t-it/3e,). 

If ordy(N(/3)) > then every term in the sum is 1, and otherwise every term is 0. 
As 

ord„(Ce-i) = ord„(?7) + ord,(N(/3)) 

the condition ord«(N(/3)) > is equivalent to ordi,(^e^^) > ordi,(77), and using 
77 + ^ = 1 and ordi,(e) > 

ordi,(^e^^) > ordt,(?7) *^=^ ordt,(?7) — and ordi,(^e^^) > 0. 

□ 

Proposition 3.4.2. Suppose v is split in E andj G G{Fy) is nondegenerate. Then 
liS.lS]) is nonzero if and only if or dy(rj) = and ord„(^e~^) > 0. When this is the 
case 

O^PxA = Ply ■■ ■ X.(7+)(l + ord.(ee^')). 
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Proof. Using the notation of Proposition 13.3. 4[ so that aj — {w^,w^), for any 
t e T{Fv) we have 

s^E^ /Ut.v 

As Uy = Ut,v+Oe,v£v, only terms for which scij € Ut,v can contribute to the inner 
sum, and so the only nonzero term can be the one with i — j — and s £ Ut,v 
This leaves 

P^{t-^lt) = luS^ + t-Hpey) 

and so (|3.13p becomes 

teF^\E;- /Ut.v 
oo 

= Y li/.(l + e-fe,fet-ii/3e.) 

oo 

= Ply ■■ O^^^Ut,.] ■ Y luAl + e-k,M. 

k— — oo 

Every term in the final sum is unless the quantity 

N(l + e_fe,fe/3e„) = N(7) = 77-1 

lies in Op. Thus we may assume ordt,(?7) = 0, so that the sum simply counts the 
number of k for which e-k,k(i G Oe,v. Multiplying (3 by an element of O^^, we 
may assume that /? = Cg,* for some s,t £ Z. The k for which e-k,kP S Oe,v holds 
are then precisely those for which s — fc > and t + fc > 0, and there are 

s + t + l= ord„(N(/3)) + 1 = ord„(^c-i) + 1 

such k if ordt,(^e^^) > 0, and no such k otherwise. □ 

Corollary 3.4.3. Suppose v divides N(£) and 7 is nondegenerate. Then 

where Ty{"/) is as in Lemma \3. 1.2\ and Vy — ty. 

Proof. Propositions l3.4.11 and [3A2l give explicit formulas for the left hand side while 
Proposition [2A2l gives explicit formulas for the right hand side. □ 

Lemma 3.4.4. We have the equalities 1 and P^.viey) = 0. 

Proof. Clearly P^^y{l) = 1 simply by definition of Px,v. On the other hand 

Px,v{ey) = Y Xv{t^^)'i-uA't'^v)- 

teT{F^)/UT,^ 

If this sum is nonzero then tsy e for some t e T{Fy). But this would imply both 
^(tey) e Op.^ and te„ G OE,y(-y, which implies ord«(N(e„)) < 0. But ord„(N(ei,)) = 
ord^(e) > by p.l2p . a contradiction. □ 
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Corollary 3.4.5. Choose e e with eOp = e. Then 

Px..(l) = By{l-e) P^A^y) ^ Xv{e)\e\l'^By{e-^-e). 

Proof. Compare Lemma 13.4.41 with Proposition 12.3.11 □ 

4. Central values 

Suppose the representation 11 of i ll. II satisfies Hypothesis II. 1.11 Recall that 11 
has conductor n = ms and that x has conductor € — cOe for some Oi?-ideal c. Let 
_B be a quaternion algebra over F satisfying 

(4.1) By is split <^ e„(l/2,r,V') = 1 

for every finite place v of F, where r = mc^ and the local epsilon factor is defined 
by (|2.5p . This implies that the reduced discriminant of B divides m and, as Ey is 
a field whenever By is nonsplit, that there is an embedding E ^ B which we fix. 
For the moment we do not specify the behavior of B at archimedean places. Let G 
and T be the algebraic groups over F defined at the beginning of ^J3l For any ideal 
h <Z Of let Ob = Of + bOs denote the order of Ob of conductor b. 

4.1. Special CM cycles. We construct two particular compact open subgroups 
U C V oi G{Af) and two special CM-cycles and P^ of level V and U, respec- 
tively. It is ultimately the cycle in which we are interested, but the local orbital 
integrals (|3.8p of cycles of level V seem too difhcult to compute directly. The sub- 
group U is chosen to make these orbital integrals more readily computable (indeed, 
they have already been computed in ^iEl and 13. 3|) . 



Lemma 4.1.1. For every finite place v there is an order in By of reduced discrim- 
inant my which contains Oe,v Such an order is unique up to E^ -conjugacy. 

Proof. If V is inert in E then (|4.ip implies that 

ordt,(m) = ordi,(disc(i?t,)) (mod 2) 

where disc(-Bi,) is the reduced discriminant of By. Thus the lemma follows from 
[n Proposition 3.4]. □ 

If u is a place of F dividing c then, in particular, v \ Om and By = M2{Fy). Let 
Wy denote a two dimensional F.„ -vector space on which By acts on the left. As Wy 
is free of rank one over Ey, we may choose wq G Wy such that Wy = Ey ■ wq. For 
each rank two Oir^^-submodule A„ c Wy set 

0{Ky) = {beBy\b-AyC Ay}, 

a maximal order of -Bi, . As s | c by Hypothesis II. 1.11 we may consider the two 
lattices in Wy 

L'y = Oc,yWQ Ly = O^s-^.vWq. 

Choose a global order S C B such that Sy = 0{Ly) n 0{L'y) for every place 

V I c and such that for every finite place w f c, 5*^, has reduced discriminant mi, 
and contains Oe,v (which can be done by Lemma f4.1.ip . The group acts on 
Y{y\c Ly/L'y = Of/s through a homomorphism § : ^ (Of/s)^, and we define 

V to be the kernel of d. One should regard V C G{Af) as a quaternion analogue 
of the congruence subgroup Ko{m) H i^i(s). Define a CM-cycle of level V 

x{t) li g ^tv for some t G T{Af), v £V 
otherwise. 



Qxi9) = 
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For this definition to make sense we need to know that x is trivial on T(A/) n V. 
This is immediate from the following 

Lemma 4.1.2. We have = T{Af) D , and xo ° ^ (ind x have the same 
restriction to . 

Proof. For v \ c a. finite place of F, Oc,v C Sy. As O^^v is a maximal order in Ey we 
must therefore have Oc,v = EyDSy. For u | c it follows from O = {x G \ xO C O} 
for any order O C Ey that 

0,,y - 0,,y n ^EyD 0{Ly) H O {L[,) ^EyD Sy, 

proving the first claim. For the second claim, if u | s then both -dy and Xv are 
trivial on O^y = Op^^{l + cOs.y)''. If w | s then dy : O^^y (Op.y/Sy)'' is given 
by 'dy{x{l + cy)) = a; for a; e 0]^,„, V G Oe,v, and c G Op.v satisfying cOF,y = c«. 
Thus 

(Xo.t; o ■d){x{l + cy)) = Xo,v{^) = Xv{x) = Xt,(a;(l + cy)). 

□ 

Lemma 4.1.3. For every finite place v there is an e„ € By satisfying 

(a) Eyey = B- 

(b) ord^(N(e^)) =ord„(c) 

(c) If V \ c then ey G Sy 

(d) if V \ c then SyWo G cOs.yWQ. 

Proof. First fix an ey which generates B^ as a left £'i,-module. If v is split or 
ramified in E then we may multiply ey on the left by an element of E^ to ensure 
that (b) holds. If v is inert in E then it follows from the proof of Lemma 13.1.11 
that ujy(N{ey)) is 1 if By is split and is —1 if By is ramified. Condition (|4.ip then 
implies that ujy{N{ey)) = ujy{v)^ and so again we may multiply ey on the left by 
an element of E^ so that (b) holds. Assume now that v \ c and define an order 
Ry — OE,y -\- OE,yey. An easy calculation shows that Ry has reduced discriminant 
dyVay, and so may be enlarged to an order R'^ of reduced discriminant m^,. By 
Lemma l4.1.1l ti?i^~^ = Sy for some t G E^ . Replacing e„ by teyt^^ = ti we find 
that (c) holds. Now assume that | c. As Wy is free of rank one over Ey there is an 
X G Ey such that ey-wg = x -wq, and it follows that N(e„)?x;o = —^Iwo — —N{x)wo. 
Therefore ordi,(c^) — ordi,(N(a;)). If v is inert in E then this implies x G cOe,v and 
hence (d) holds. If v is split in E then we need not have x G cOe.v, but there is 
some t G E^ satisfying N(i) = 1 and tx G cOE,y Replacing e„ by tey we again find 
that (d) holds. ' □ 

Let i? C -B be a global order such that Ry — Oe.v + OE,vev at every finite place 
V, with ey satisfying the properties of Lemma [4. 1.31 There is a natural Cf-algebra 
homomorphism R Oe/cOe defined by 6 i-> 5+ (with notation as in ^'S.IL and 
the kernel of the induced homomorphism R^ — )• {Oe/cOe)^ will be denoted U. 
Define a CM-cycle of level U 



x{t) a g — tu for some t G T{Af), u G U 
otherwise 



so that Py^ = Yiv Px-v where the function P^ y on G{Fy)/Uy agrees with that con- 
structed in t|3.3l and ^'3.4\ (with c — v — mc^). The compact open subgroups and 
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CM-cycles constructed above satisfy U CV and 

(4.2) [Vt : Ut] ■ QAg) ^ E Pxigh). 

hev/u 

For each ideal a prime to c we have, from and ^ 33. 4) a CM-cycle of level U 
defined as the product 

If a is prime to Or then Ry is a maximal order for each v \ a. and we define the 
Hecke operator Ta on CM-cycles of level U 

{T.P){g) = E P^ah), 

h£H{a)/U 

where H{a) — Htiia ^i'^v) ■ n^fa H{av) was defined in ^'d.'Sl for v \ a. One 

then has the relation TaP^ — Px,a- 

For the remainder of Sg] the letters U and V will be used exclusively for the 
compact open subgroups constructed above. 

4.2. Toric newvectors and the Jacquet-Langlands correspondence. Let 

Ram(i?) denote the set of places of F at which B is nonsplit and let vr be a cus- 
pidal automorphic representation of GL2(A). If 7r„ is square-integrable for every 

V € Ram(i?) then there is a unique infinite-dimensional automorphic represen- 
tation tt' of G(A) such that for every v ^ Ram(i?), iTy = 7r(, as representations 
of G{Fy) = GLi2{Fy). We then say that tt is the Jacquet-Langlands lift of tt'. 
There are many references for the Jacquet-Langlands correspondence including 

1 [m [n [n] 

Lemma 4.2.1. With 11 the automorphic representation fixed at the beginning of 
f|7J if V ^ Ram(i?) is a nonarchimedean place then either 

(a) ovAy (m) — 1 and n„ is a twist of the Steinberg representation by an unram- 
ified character 

(b) or oidy (m) > 1 and liy is supercuspidal. 
In particular liy is square integrable. 

Proof. If w € Ram(_B) is nonarchimedean then (|4.ip implies that ordi,(m) — ord„(n) 
is odd and 11^, has unramified central character. The lemma now follows from 
standard formulas for the conductor of irreducible admissible representations as in 
dZl (12.3.9.1)] □ 

For the remainder of i i4.2l we assume that 11 is cuspidal and that either n„ is 
a weight 2 discrete series at each archimedean v and B is totally definite, or that 
is a weight principal series at each archimedean v and B is totally indefinite. 
In either case it follows from Lemma 14.2.11 that n„ is square integrable for each 

V e Ram(_B) and so 11 is the Jacquet-Langlands lift of some 11'. 

Definition 4.2.2. For any place i; of we define a newvector (/> G IIJ^ to be a 

nonzero vector such that 

(a) if is a nonarchimedean place then (j) is 14-fixed, 

(b) If V is an archimedean place and we are in the weight case above, then (p 
is fixed by the action of E'^- ^ W ■ S02(M), 
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(c) if V is an archimedean place and we are in weight 2 case then we impose no 
condition on 0. 

A newvector in 11' = 11^ is a product of local newvectors. 

Lemma 4.2.3. Up to scaling there is a unique newvector in 11'. 

Proof. It suffices to prove existence and uniqueness everywhere locally. If v is 
archimedean this is clear (in the weight 2 case 11^ is the one-dimensional triv- 
ial representation of G{Fy) by [181 Lemma 4.2(2)]), so assume that v is nonar- 
chimedean. If By is split then there is an isomorphism By = M2{Fy) which identi- 
fies Vy = Ko{my) n Ki{Sy), and so the claim follows from the theory of newvectors 
for GL2(F„) as in §2.11 If By is nonsplit then (|4.ip implies that v \ m and v \ c. As 
Vy = with 5'^ an order of By of discriminant Tn„ containing Oe,vi the claim is 
a special case of [11] Proposition 6.4]. □ 

Definition 4.2.4. For any place w of F let act on 11^ via the embedding 
T{Fy) — >■ G{Fy). We define a toric newvector ^ g 11^ to be a nonzero vector such 
that 

(a) if ti f 3r then </i is a newvector, 

(b) if ti I 5 then cj) is Uy-fixed and satisfies t ■ (f> — Xv{t) ■ 4> for every t G Ey , 

(c) if w I r then cf) is C/i,-fixed and satisfies t ■ (j) — Xy{t) ■ cf) for every t e ^. 

A toric newvector in 11' = 11^ is a product of local toric newvectors. 

Lemma 4.2.5. Up to scaling there is a unique toric newvector in 11'. 

Proof. Again it sufhces to prove the claim everywhere locally. If w j Or then the 
claim is a restatement of Lemma [4. 2. 31 If | £) then Xv has the form Xv = oN for 
some unramified character Vy of F^ . By a theorem of Waldspurger [MJ Theorem 
2.3.2] the representation 11^ (S) Vy has a unique line of iJ^-fixed vectors, and by a 
theorem of Gross-Prasad [SH Theorem 2.3.3] this line is also fixed by the unit group 
of any maximal order of By containing Oe,v As Ry may be enlarged to such an 
order, the -fixed vectors in Ilj, ® Vy are also fixed by Uy = R^, . It follows that 
has a unique line of ?7^-fixed vectors on which E^ acts through Xy^ ■ 
If w I m then Ry ~ Sy (as Ry C Sy and both have reduced discriminant m^), 
Uy — Vy, and a toric newvector is just a nonzero 1^-fixed vector; again the claim 
follows from Lemma [4. 2. 31 If z; | c but v \ s then Xv is trivial on Op^, and so we may 
find a character x'y of Ey which is trivial on Fy but agrees with Xv on ^ . By [34l 
Theorem 2.3.5] (Zhang's F is our R^ = yUv) there is a unique line of Uy-tixed 
vectors in 11^ on which ^ acts through x'y ? and thus a unique toric newvector in 
n^. If ?; I s then 11^ = 11^ is a principal series n„ = Il{iJ,y,X()lfJ-y^) and Xv — Vy o N 
for some character Vy of Fy of conductor c (both claims by Hypothesis II. 1.11) . 
It follows that (g) Vy has trivial central character and conductor c^. As Ry has 
reduced discriminant and contains Oe,v there is a unique line of i?^ -fixed vectors 
in ®Vyhy ^ Theorem 2.3.3]. As i?^ = O^^ • Uy we find that ® Vy has 
a unique line of [/^-fixed vectors on which ^ acts through the trivial character, 
and the claim now follows from the observation that N([/„) C 1 + C ^sxivy). □ 

4.3. Central values for holomorphic forms. In addition to Hypothesis II. 1.11 
we assume that Wy is a discrete series of weight 2 for every archimedean place d, 
and that e(l/2,r) = 1. Let B be the (unique up to isomorphism) totally definite 
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quaternion algebra over F satisfying ()4.ip for all finite places of F. Taking m to be 
the constant function 1 on G{F), let ku{x, y) be the function on Cu x Cu defined 
by (I3.4p and let {P,Q)u be the associated height pairing on CM-cycles of level U 
defined by (|3.5p . According to [31, §7.2] the sum defining ku{x, y) is actually finite. 
Recall that we have set r = mc^ and abbreviate 8r = 0r,i/2- 

Proposition 4.3.1. Fix a G and assume that a = aOp is prime to c. Then 
^[d^ : Ut] ■ B{-a; 6,) - 2^^--'iW\a\{Px.c., Px)u ■ eoo(a) 

where, as in ^3.21 Hp is the class number of F and Xu = [Op : Op D U]. 

Proof. Suppose 7 £ G{F) is nondegenerate and let r] and ^ be defined by (|3.ip . 
Then Corollaries 13.3.51 and 13.4.31 show that 

for every finite place v oi F. By (|3.7I) 

{Px,a,Pxyu = : ZiF)Uz] ■ [] ^^(^'x.a.O 

By the final claims of Proposition 12.4.21 and Lemma 13.1.21 for v an archimedean 
place 

Combining these equalities gives 



A 



u 

By Lemma r2.4.11 given 77, ^ € F^ with ?7 + ^ = 1 we have B{a, 77, ^; 8r) — unless 
^vi—vO — eu(l/2,r, V") for every place v of i^. Combining (|4.ip with Lemma [3. 1.1 1 
we find that i3(a, 77, ^; 0r) = unless the pair 77,^ is of the form p.ip for some 
7 e G(F). Therefore 

Ac/ ^ 
(4.3) =2[^^«|d|i/2H ^ (P^,„,F^)^.eoo(a). 

teT(F)\G(F)/TiF) 
7 nondegenerate 

It remains to compare the linking numbers at the two degenerate choices of 7 
(i.e. 7 £ B"^) with the degenerate terms Ao{a;&t) and ^i(a;0r) of (|2.7p . First 
suppose 7 = e° where e° satisfies B~ = Ee°, so that (t;,^) = (0,1). Let z £ Ap 
be such that e° = 2i,e^ for every finite place v. If x 7^ X* then both Ai(a; 0^) and 
{P^^a,Px)u vanish, by Lemmas 12.3.31 and 13.2.11 respectively. We therefore assume 
that X = X*- If X is ramified then By{a; i?r.s) = for any w | c by Proposition l2.2.1] 

and the inequality ordt,(ar-i) = — ord,j(r) < 0. Abbreviating a ' 



1 

follows that Wr,s {oihT) = for any T C S and so Ai{a:Q^) = 0. Similarly if x 
is ramified then P^^a{£°) = by Lemma r3.4.41 and so also {P^^a, Px)u,'y = by 



32 



BENJAMIN HOWARD 



Lemma [3.2.11 We therefore assume that x is um-amified. By ()2.2p . Proposition 
12^:31 and Lemma [2X11 Ceiahr) = imless T = or 5, and so 

Ai(a;e,) = Y.^T{^'^Cg{ahT)W,^i/2{ahT) 

TCS 

= B{a;E,^y2)Ce{a)+xmB{a;hsE,^y2)Ceiahs) 

where we have used Propositions 12 . 2 .21 and [^7??^ for the third equahty. Again using 
ProDOsition l2.2.3l and Lemma [2.3.41 we find 

Ce{a) = {-l)^^--'^^i^{a5-^)\ad-^S-^\^/^L*{l,uj) 

B{a;E,,,/2) - \r\'/^B{ar-';Eo,,i/2) 

= \dr\'/^Viar-^6-^)Biar-';6) 

where rOp = c for r e with r„ = 1 at each archimedean v. Therefore 

Ai{a;e,) ^ 2i^{v)\ar6-^\^/^B{ar-^;9)L{l,uj). 

On the other hand using Corohary I3.3.9[ Lemma 13.4.41 and 

X{rz) = i/(r)2i/(N(z)) = iy{rfiy{N{e°)-^) = iy{r) 

we find 

P^An ■ eoo{-a) = i^{v)\r\'/'\a\-'^^Biar-';0) 
and now (|2.2p . p.3p . and Lemma [3.2.11 imply that (for 7 = e°) 

(4.4) HpX^'p^ : f/r] • Ai(-a;e,) = 2[^^Ql|d|i/2|a|(P^,„,Px)^ • eoo(a). 

A similar, but easier, argument also shows that (|4.4p continues to hold if 7 = 1 
and Ai is replaced by Aq. The theorem follows from this together with equation 
(|4.3p . equation (13. 6p . and the decomposition (|2.7I) . □ 



We now construct a pairing [P, Q] on CM-cycles of level U taking values in the 
space of automorphic forms on GL2(A) as in [34] (4.4.5)]. Endow the (finite) set 
Su — G{F)\G{Af)/U with the measure determined by 

/ E P(^9) dg^ [ P{g) dg 

for any CM-cycle P of level U. For each a prime to Or there is a Hecke operator 
{Ta(j)){g) = ^ 4>{gh) on L?{Su) where the sum is over h e H{a)/U as in i i4.1l For 
any G L'^{Su) we have 

ku{x,y)(j){y) dy = (p{x) 



and it follows that that there is a decomposition kij{x,y) = J2i=i fi{x)fiiy) where 
{/{,..., /^} is any orthonormal basis for L^{Sij). We choose this basis in such 
a way that each // is a simultaneous eigenvector for every T„ with (a. Or) = 1. 
The Jacquet-Langlands correspondence implies that for each there is a (not 
necessarily unique) holomorphic automorphic form fi of weight 2 on GL2 (A) fixed 
by Ki(j)v) having the same Hecke eigenvalues as Indeed, if // generates an 
infinite dimensional representation tt' of G(A) then take fi to be a newvector in the 
Jacquet-Langlands lift of tt'. If f- generates a finite dimensional representation of 
G(A) then f^{g) = iJ.(N{g)) with fj. some character of A^/F^, and one takes fi to 
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be an Eisenstein series constructed from a function in the induced representation 



11/2 



I ^/^). We may, and do, assume that B{OF,fi) = 1 for every i. 



For any CM-cycles P and Q of level U we define a parallel weight 2, holomorphic, 
Ki (l) r)-fixed automorphic form on GL2 (A) 



[P, Q] = 



P{x)n{x)fi{y)Q{v) dx dy 



CuxCu 



This form satisfies B{Of, [PtQ]) = {P,Q)u and, for any ideal o relatively prime 
to Or, Ta ■ [P,Q] = [P,TaQ]. Set = [P-^,F^], an automorphic form of central 
character satisfying 

(4.5) B{Of;T,^) = {P^,P^,.)u- 

Let n' be the automorphic representation of G(A) whose Jacquet-Langlands lift 
is n, let 0^, be the toric ncwvector in H' normalized by Jg I'/'n'P ~ ^ ^^'^ 1*^^ 
denote the projection of ^E* to 11. We may choose the basis {//} so that 0^, — /{. 
If we set V^lg) — X]-y Pxild) where the sum is over 7 e T{F)\G{F) then 



B{OF-Mn)^ E / 



l<i<£ 



Vx{t)fi{t) dt 



The projection of to ttJ is a toric newvector, hence a scalar multiple of f[, and 
so only the term i — 1 contributes to the sum. It follows that 

2 



(4.6) 



B[Of-Mu) = 



Cu 



p^mi.it) dt 



Proposition 4.3.2. Let (pf^ be the orthogonal projection of the normalized newform 
4>n G n to the quasi-new line (defined in ^2.8]) . Then 

2\^\HFXu'[d^ ■■ C/T]S(Oj.;0#)L(l/2,nxnx) 



in which S is the set of prime divisors of d . 



Px(t)0^,(t) dt 



Proof. Let 8r|n and 5'|n denote the projections of 0^ and ^ to 11. Combining 
Proposition 14.3.11 and (|4.5p gives 



HfXu Pe ■■ Ut] ■ S(OF;T„eO = 2^''--'^^\d\'^'B{OF,Ta^) 

for all o prime to dx. The action of the operators Ta with (a, Or) = 1 on the space 
of all Ki{dv)-iixed, holomorphic, parallel weight two automorphic forms on GL2(A) 
of central character Xo^ generates a semi-simple C-algebra, and it follows from this 
and strong multiplicity one that there is a polynomial en in the Hecke operators 
Ta such that 0r|n = en ■ 0t and ^^jn = en • ^. We therefore deduce that 

(4.7) HF\u'[d^-UT]-BiOF;e,\n)^2i''--'^^\d\'/^BiOF;mn). 

Under the decomposition 11 = n^, the newform (jju is decomposable as a pure 
tensor 0n — '<^4'u,v In the notation of §2.81 A-, ((/in „) ^ for v \ 5c, and so (t>n,v has 
nontrivial projection to the quasi- new line in 11^,. It follows that 0^ 7^ 0. The form 
6t|n hes on the quasi- new line of 11 by Proposition l2.8.21 and so if i3(0_F; — 
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then also B{OF',Qt\n) — 0. Using (j4.6p and (|4.7p we then see that both sides of 
the stated equahty are 0. Therefore we may assume 

B{OF;cl)t) 7^ so that 
- g(0F;e,|n) ,# 

Combining this with (|2.8p (with b — 1) gives 

S(Oj^;e,|n)-||4llL(Dt) - S(Of^;e,|n)-(0n,0g)/fo(ot) 

= S(Of^;0#).(0n,eOK„(ot) 
= 2l^l5(0;^;4)L(l/2,nxn^). 

The claim now follows from (14.61) and (14.71). □ 



Theorem 4.3.3. Let 0n G If i/ie normalized newvector (in the sense of ^2.1\) 
and let (/)n' G H' be the newvector (in the sense of Definition^JTK^ normalized by 
Js l0n'P = 1- Then 



Q^it)(bn'it) dt 

Cv 



where Hf,s — [Z{Kf) : F^Vz] is the order of the ray class group of conductor s. 
Proof. The proof is postponed until ^14. 61 □ 



4.4. Central values for Maass forms. In addition to Hvpothesis II . 1 . II we assume 
that is a weight zero principal series for every archimedean place v, and that 
e(l/2,r) = xhus the weight kernel of gSj] satisfies 9*, = 6* Let 

B be the (unique up to isomorphism) totally indefinite quaternion algebra over F 
satisfying ()4.ip for every finite place v. Let S — Resc/uGm and set F^o = F (gjq M. 
As Foo is naturally an R-algebra, 

T/F^ = T Xgpec(J^) Spec(i^oo) G / = G Xgpec(F) Spec(Foo) 

are naturally algebraic groups over M. Fixing an embedding of real algebraic groups 
§ T/p^ the embedding T ^ G determines an embedding xq : S — >■ G/p^, and 
we let X denote the 0(^00 )-conjugacy class of xq. As T{Foo) is the stabilizer of 
Xo we may identify X = G {Foo) /T {Foo)- Writing V. = C ~ R and choosing an 
isomorphism G(Foo) = GL2(M)[^''^1, we may fix a point in H'^'^^ whose stabilizer 
under the action of G{Foo) is T(Foo). This allows us to identify X = -^[^^"21. 
Endowing TL with the usual hyperbolic volume form y~'^dxdy we obtain a measure 
on X. Define 

Su = G{F)\X X G{Af)/U 

endowed with the quotient measure induced from that on G{Af)/U giving each 
coset volume 1. The map G{Af) X x G{Af) defined hy g {xQ,g) restricts to 
a function on T{Af) and determines an embedding Cu — )■ Sij. 

If is a weight Maass form on GL2 (A) with parameter ty in the sense of 
§4] at an archimedean place v then we set 



By{a;^)^\a\l/^ / e--l"l"(^+^~')y"" d^ 
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Define Boo{a; 4>) ~ Y\v\oo Bv{a', (p) and define B{a] (p) for a = aOp by 

S(a;0) =Boo(a;0)-S(a;0). 

Let n' be the automorpfiic representation of G(A) wliose Jacquet-Langlands lift is 
n, and let (jjji' toric newvector in 11' normalized by /^^ l^n'l ~ ^ 

Proposition 4.4.1. Let (pf^ be the orthogonal projection of the normalized newform 
4>u d H to the quasi-new line in H. Then 



in which S is the set of prime divisors of d . 



PAt)^^,{t) dt 



Proof. Fix a G and assume that o — aOp is prime to c. We abbreviate 8* = 
®*i/2- Suppose V is an infinite place of F. For each a G A^, 7 S G{Fy), and 77,^ 
as in p.ip define the multiplicity function 



m*(a,7) 



4g27ra„(C-,,) if < and rjOy > 
otherwise. 



If 7 e G(Foo) set m*^{a,j) = l\y\^ml{a,jy). Exactly as in Proposition HXB 
using the formulas of §2.71 to supplement those of ^231 we find 

(4.8) j^[d^:UT]-Bia;e:)^\d\'/'\a\ ^ {P^,, , P^)l ■ m^a; 7) ■ 

^ 76T(F)\G(F)/T(i=^) 

The remainder of the proof is similar to that of Proposition 14.3.21 see [331 §4.4] for 
details. Briefly, for any Maass form cp on Sjj the kernel 

ieG(F)/(z(F)nu) 

satisfles 

kuia;x,y)(p{y) dy = / m*^{a;y^)(p{xyoc) dyoo 
Su Jx 

= 4[^^QlBo,(a;^)-</)(x). 

Exactly as in [331 Lemma 4.4.3] or [3S1 §16] this leads to a spectral decomposition of 
the kernel kij(a; x, y), and the proposition follows from (j4.8p . which is our analogue 
of [Ml (16.1)], exactly as in 36, §16]. □ 



Theorem 4.4.2. Let 0n G n &e the normalized newvector (in the sense of 't\2.1\] 
and let cpu' G n' be the newvector (in the sense of Definition^JTK^ normalized by 
/^J0n'|'-1- Then 

L(i/2,nx n.) it^^Qi r ^ , , , , ' 

^ ' ' - I Q^{t)cPn'{t) dt 



|2 



Cv 



where Hp^^ is the order of the ray class group of F of conductor s . 

Proof. The proof is postponed until ij4.6l □ 
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4.5. A particular family of Maass forms. Fix a t e C and if xo is trivial 
assume tliat r ^ 0, 1. Let Ilr denote the (irreducible) weight zero principal series 
representation 

n. = n(|.rV2^xoVr/^-^) 

of GL2(A) of conductor s and central character Xq^ ■ We construct an Eisenstein 
series Er G as follows. Define a Schwartz function 57 — ri^, on A x A by 

{Iof,. (a^)loF,. {y) if f t soo 

^-^{o?+y^) ' if I oo. 

The function 

= |det(g)r / ^{\^,x\-9)V?^X^{^) d-^x 

is a newvector in the induced representation B{\ ■ T^^^^iXo^l ' defined in 

[34l §2.2] and therefore the Eisenstein series (initially defined for Re(r) >• and 
continued analytically) 

7eS(-F)\GL2(F) 

is a newvector in 11,-. The discrepancy between £t and the normalized newvector 
is determined by the following 

Lemma 4.5.1. 

/ S(a;£.).|arV2,x„^Mp!^!fgZ^i(,,n.) 
Proof. As in using 

we see that B[a]£r) = By{a;£r) where 

By{a;£r) = \S\:-'^^\a\lxoAS) f V'°(y) / n,{ax,xy)\xf/ xoA^) d"" xdy. 
li V \ soo then a short calculation shows 

ord„(a) 

^S(y) / f7.(aa;,a;y)|x|rXo,.(a;)d>^xdy = |<5|y2 ^ |^fe|i-2.^-i(^fe) 
from which we deduce 
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If I 5 then choose a £ with (jOf,v — Sd- We have 



V'°(y)(y2^)lox (yx) dy 



ls^{ax)\x\Jxo,v{x) d^x 



= Ml/^e4xo,^°) f {ax-')U^{ax)\x\l^-' d^'x 

Jf^ 

Therefore 



IF^ 

If u I cx) then 

V'S(y) / ^viax,xy)\x\l'^Xo,v{x) d'^xdy 

/oo poo 
-OO J — OO 

We therefore have 

Jf^ 

= Gi(s + r- 1/2) /" f / e-2"f^e"^^' d^^'^y) jxI'^-^+^Z^ ^x,^ 

JRX \J~oo J 

= Gi{s + T-l/2)J e-''''''\x\'-^+^/^ d'^x 

= Gi{s + T-l/2)Gi{s-T + l/2). 
Combining these calculations proves the lemma. □ 

We now assume that IIt- satisfies Hypothesis 11.1.11 which is really just the con- 
dition that Xv factors through N : — >■ for each v \ s. Choosing 11 = IIt- in 
the introduction to 21 wish to prove an analogue (Corollary 14. 5. 3p of Theorem 
14.4.21 for the noncuspidal representation n,- by brute force. Note that now m = Op 
and e(l/2,r) = (— l)!^-''^]. To put ourselves in the situation of !j4.4[ suppose i? is a 
split quaternion algebra over F (so that (14.11) holds for all finite v) and as always 
fix an embedding E ^ B. Let be a two dimensional i^- vector space on which B 
acts on the left, and fix an isomorphism of F-vector spaces W = F x F . Writing 
elements of W as row vectors, there is an isomorphism p : B = M2{F) determined 
by b ■ [x,y] = [x,y] ■ p{bY, where the action on the left is the action of B on W, 
the action on the right is matrix multiplication, and the superscript t indicates 
transpose. The element wq = [0, 1] e generates as a left £'-module, and we 
define 

L = Ocs-i ■ ""^o L' ^ Oc ■ Wq. 

We may pick a j G GL2(A) having the following properties: 
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(a) if w I s then jv satisfies [0,1] • ^ — wq and 

Ly = {Of,V X Of,v) ■ jy^ L'„ = {Sy X Of,v) ■ jy^, 

(b) if V |s is a finite place of F then jf ■ KQ{m) ■ jj^ = p{Vv), 

(c) if V is an archimedean place then jy ■SO{Fy) ■ jy^ is set of norm one elements 
ofp(T(F„)). 

For every automorphic form <f> on GL2(A) we define an automorphic form cj)' on 
G(A) by ip'ig) = <j){p{g)i)- The space 11,- of automorphic forms on GL2(A) thereby 
determines a space 11^ of automorphic forms on G(A). Of course G = GL2 and 
= Ilr, but it is useful to maintain these notational distinctions. Under the 
definition of ji4.2i n^ is the Jacquet-Langlands lift of 11^ (a highly degenerate case). 
If </) G Ilr is a newvector in the sense of H2.ll then (p' G II!^ is a newvector in the 
sense of ' 



Proposition 4.5.2. Normalize the Haar measures on T{Af) and Z{Af) to give 
andOp each volume one, respectively, and give T{F)\T{Kf) / Z{Kf) the induced 
quotient measure. For every t €E C 

N^/Q (Oc^s-^)^/^ ^L{t, x)= [ X{t)£'r{t) dt. 



T(F)\T{hj)/Z(k;) 



Proof. The restriction of £^ to T{Af) does not depend on the choice of embedding 
E ^ B, and this embedding may be chosen so that 



a I3A 
-/3 a 



where E = F[^/—A] with A £ F totally positive. As the embedding p : T ^ GL2 
identifies Z{F)\T{F) with B{F)\Gh2{F) we have 



X{t)£'r{t) dt = / X{t)^r{p{t)3) dt. 

T(F)\T(Af)/Z{Af} JT{Af)/Z{Af) 

Combining this with 

x{t)Mp{t)j) = I det(j)r / ^^([0, 1] • p{tx)j)\Nitx)\^x{tx) dx 

J Z{A) 

we find 

xm'At)dt = |det(j)r/ ^l{[Q,l\-p{t)3)mt)Vx{t) dt 

T(F)\T{Aj)/Z(Af) JT(,Af) 



H f ^ny{[0,l]-x)\x\l-xoAx) d^'x. 

v\oo ^ 



We now compute the right hand side place-by-place. For an archimedean place 
V we may take jy = ^ so that 

/ ^ly{[Q,l]-X3)\xtxoAx) d''x= I e-^->|2--i rfLeb^. 
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The integral on the right is 2'^ ^G2{t) — 2'^ ^L„(t, x)- If is a finite place of F 
with V \ s then 

n,i[o,i] ■ p{t)j)\N{t)\ixv{t) dt = / iLAt-wommxvit) dt 

^o,Smt)\lXv{t) dt 

the final equality by the argument of [36, p. 238]. Finally suppose that ti | s. For 
any t e the value of il„([0, 1] ■ p{t)j) is nonzero if and only if [0, l]p{t)j generates 
the OF^^-module {Sy x Of,v)/{Sv x S-u), and when this is the case n^([0, 1] • p{t)j) = 
Xoviy) where y G Op^ satisfies [0, l]p{t)j € [0,y] +s^. This condition is equivalent 
to twQ being an Oi?^u,-generator of L'^/SyLy, in which case the y € C^n above 
satisfies two G ywo + SvL^. Thus y = 'dv(t) = (mod Sy) in the notation of 

^4:.l\ By Lemma 14.1.21 Yq ^.(z/) = x^^(0- the generators of O^.v/SvO^s-^.v are 
exactly the units of O^.^ we find 



nyi[o,i]-pit)j)-\f^it)\ixv{t) dt = / xyHt) ■ mt)\:xv{t) dt 

It only remains to compute det(j). From the relation 

[{Of + OfV^) ■ wo\ ■ r ' = Oc.-i ■ w^o 

we find 

4Adet(j)-2C'F = disc(C'F + Ofv^) • dei{j)-^OF = discCO,,-!) = 5(c/s)^ 



Using |det(j)|2 = A^, for u | oo we obtain 21^^01 1 det(j)| = ^N(j)c^s-2). The 
proposition follows by combining these calculations. □ 

Corollary 4.5.3. Suppose Re(r) = 1/2 and let (pT £ Hr be the normalized newvec- 
tor. Then 



Lil/2,Ur X 



4[^^:Q] 1 f 2 



Hf,s JCv 



^Nf/Q(c)c2) 

where Sy is the measure space of ^4-4\ defined with V in place of U . 



Proof Using /Vt ^ (Of/s) , the measures on T(F)\T(A/)/Z(A/) and Cy are 
related by 



)^m'^{t) dg ^ Hf.. Q^{t)(j,'^{t) dg 

JT{F)\T{Af)/Z{Af) 



while Lemma 14.5.11 implies 

e(l/2,xo)-0r = Nf./Q(s)2-i/2.£:^. 



The corollary now follows immediately from |L(r, — L{l/2,Ilr x 11^), Propo- 
sition |4j521 and the fact that the restriction of Q^^ to T{Af) is simply x- O 
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4.6. Descent to low level. Assume that cither Hi, is a weight 2 discrete series at 
each archimedean v or that Hy is a weight principal series at each archimedean 
V. In the weight 2 case we assume that e(l/2,r) = 1 and B is totahy definite, as 
in ^4.31 and in the weight case we assume that e(l/2,r) = (— and B is 
totahy indefinite, as in ij4.4l For each v \ Oc the representation n„ is isomorphic to 
a principal series n(/i„, x^^/j,"-'^) with unramified, and we set = /i«(tx7) for 
any uniformizer w of F^. By the argument of |361 §17] for each v \ dc there are 
rational functions a„, b^,, c^, which, crucially, depend only on the data {Fy, Ey,Xv) 
and not on the representation 11, such that 



4) 



and 



ll</'nlko(or) 



v\i)c 



where (/in G 11 is the normalized newvector and G 11 is the projection of (f>n to 
the quasi-new line. Using (|4.2p in place of |36l Lemma 17.2], the rational function 
Cy is defined by the relation 

2 



1 



2 


1 








Ic 









Px{9)4>U9) dg 



W Cy{ay) 



where 11' is the automorphic representation of G(A) whose Jacquet-Langlands lift 
is n, (/)^, is a toric newvector in 11' in the sense of Definition I4.2.4[ (/)n' € H' is a 
newvector in the sense of Definition 14.2.21 and || • || is any G'(A)-invariant norm on 
n' (e.g. /st/l'l^)- If t^sn xo,D is unramfied and we must have ai,(a„) = 

^{c^v^Xali'^)) due to the the isomorphism J\{^y,Xol^^v^) = ^{Xol^^v'' ^ and 
similarly for hy and c„. Set an = JIdIdc ^"('^'j) define bn and cn similarly. 
Proposition 14.3.21 (for the weight 2 case) and Proposition 14.4.11 (for the weight 
case) give 



2\'^\Hf\u\0% ■■ C/T]S(Oi.;0#)L(l/2,nxnx) 
= \d\'/^2f-^^' 



^nll/fo(3t) 



LP^{g^l,ig)dg\ 



Is„\<l>U'i9Wdg 



where / = 1 in the weight 2 case and / = 2 in the weight case. As B{Op, (/)n) = 1 
we find, using XyHp^ = Hp[0^ : Vt] and p. 31) (which holds also with Cu and Cy 
replaced hy Su and Sy ), that 

2 

bn-2/-[^^Ql Jcv^x'^Mwit) dt 



(4.9) 



K ■ ancn 



L(l/2,nxnx) 



I L (n) Hp,, ^^p/^{j)z^) /sv I -^n' (ff ) P dg 



Here k = H-uIdc '^i' '^i^h 



PI, : VtA [Vv ■■ Uy] 
where c G A'* satisfies cOp = c. 



2 a v\d 
1 if u I c 
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Proof of Theorems \4. 3. 3\ and \4.4-^ It follows from the definition of the quasi- new 
line that ipf^ ^ Q (in the notation of i )2.8l we have A„(0n,t)) 7^ for each v \ Or, and 
so (l)u.v has nontrivial projection to the quasi-new line in Hy), and hence bn ^ 0. 
It therefore suffices by (|4.9p to prove that k • ancn = bn- Let us suppose for the 
moment that H is of parallel weight and that m = Op- Thus e(l/2,r) = 
and we are in the situation of ^ 34.41 The quaternion algebra B is split, and we let 
p : G = GL2 and j e GL2(A) be as in M.SI Set E' = 11 and for each (j) & U set 
4>'{g) = ipipig)])- Fix a Haar measure on GL2(A/) and, as always, normalize the 
Haar measure on Z{Af) to give Op volume 1. Define a Haar measure on G(A/) 
by demanding that p be an isomorphism of measure spaces. For any (/) G 11 we now 
have, tediously keeping track of the normalizations of measures. 



JSv JG(F)\XxG(Af)/V 



Vol(y)-i ^ / |0f 

[Z{F) n : Z{F) n V] JG{F)\xxG{Af)/6^ 

[ZiAf) : Z{F)d>p, I ,^,,2 



= Vol(F)-i L^v^/^ — v^ y^fj / 

[Z(i^) n : n y] ^(f )\xxG(a^)/z(a,.) 

Using jifj"^ = and Vz = {x e Op \ x e 1 + s} we find that 
We may now write (j4.9p as 



(4.10) K-anCn-i(l/2,nxn;^ 



bn ■ 2/-[^-Ql 
y^Nj./Q(c)c2) 



2 



The point is that in this formulation no norms appear, and the statement of the 
formula makes sense even if 11 is noncuspidal. The argument of j36i §18] shows that 
the equality (|4.10p can be extended to the principal series representation Ilr of M.5\ 
for any r € C with Re(T) = 1/2 (so that Ht is unitary), provided that x does not 
factor through the norm map — A^ (so that 11^ is cuspidal by Lemma [2.3.31 
and ((2TT|l stiU holds). 

If for each w | 5c we let qv denote the cardinality of the residue field of v, then 
taking 11 = 11^ and <j>u = '/'t in (|4.10p and comparing with Lemma 14.5.31 (and still 
assuming that 11^ is cuspidal) gives 

n«:.a.(9y'-^)c.(gy'-^) = i[K{qi/'-n- 

As in the proof of 36, Proposition 19.2], letting r vary and letting x vary over 
characters which do not factor through the norm while holding the components Xv 
for V I 5c fixed, we find the equality of rational functions Kj^a^c^ = where 
each product is over all w | 5c. □ 

5. Central derivatives 

In this section we relate the Neron-Tate heights of certain CM points on Shimura 
curves to derivatives of automorphic L-functions. As in |34j the method is to com- 
pute the arithmetic intersection pairings of various CM-divisors and compare these 
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intersection multiplicities to the Whittaker coefficients of the automorphic form 
of §2.61 These intersection multiplicities decompose as a sum of local intersection 
multiplicities, and the calculations of §5 and §6 of [57 show that the calculation 
of local multiplicities can be reduced to the calculation of linking numbers of CM- 
cycles on totally definite quaternion algebras. Fortunately for us, this reduction 
step is done in |34) in a very general context, and includes not only on Shimura 
curves with arbitrary level structure but also Shimura curves associated to the alge- 
braic group G below (as opposed to the group G / Z). Thus we may cite from Zhang 
the crucial Propositions 15.3. T] and [?74.1l below, which reduce the local intersection 
theory at nonsplit primes to the calculations we have done in fJS] 

Throughout f|5] we assume that the representation 11 of ^ 31. II satisfies Hypothesis 
II. 1.11 and that n„ lies in the discrete series of weight 2 for every archimedean v. Set 
r = mc^ and assume that a;(m) = (—ly^^Ql-i. The epsilon factor of i i2.4l then satisi- 
fies e(l/2, r) = —1 and so L(l/2, 11 x 11^) = by the functional equation (|2.6p and 
the Rankin- Selberg integral representation (j2.8p with 6=1. Fix an archimedean 
place Woo of F and let B be the quaternion algebra over F characterized by 

i?„ is split £^,(1/2, r, V') = 1 or u = w^o 

for every place v. Thus B is indefinite at Woo and definite at all other archimedean 
places. The reduced discriminant of B divides m and, as £"„ is a field whenever B^ 
is nonsplit, there is an embedding E ^ B which we fix. Let G, T, and Z be the 
algebraic groups over F defined at the beginning of ^JS] For any ideal b C Of let 
Ob = Of + &Of denote the order of Of of conductor b. Fix an algebraic closure 
^aig q£ p containing E and an embedding F^'^: ^ c lying above Woo ■ 
General references for Shimura curves include j3l [23^ J4j .35, |34] • 

5.1. Shimura curves. Throughout i i5.1l we let U be an arbitrary compact open 
subgroup of G{Af). The chosen embedding i? — >■ C determines an isomorphism of 
real algebraic groups S = T x f R, where § = Resc/MGm. The embedding T — ^ G 
therefore determines an embedding of real algebraic groups 

xqiS^GxfM^ (Rcsf/qG) xq R. 

Let X be the G(R)-conjugacy class of xq in the set of all such embeddings. li F Q 
or if i? ^ M2{F) we define a compact Riemann surface 

(5.1) Xu{C) ^G{F)\X X G{Af)/U. 

For X £ X and g E G{Af) let [x,g] denote the image of {x,g) in Xij{€.). If = Q 
and B is split then the right hand side of (|5.ip is noncompact, and X[/(C) is defined 
as the usual compactification of the right hand side obtained by adjoining finitely 
many cusps. The connected components of Xjj{C) are indexed by the set 

ZuiC) = Z{F)+\Z{Af)mU) 

where Z{F)^ C Z{F) ^ F^ is the subgroup of totally positive elements and N(L/) 
is the image of U under the reduced norm G(A/) —> Z{Af). The canonical map 
Xu{C) Zu{C) is given by [x,g] ^ N^g). 

Let Xjj denote Shimura's canonical model oi XuiC) over Spec(F). Let Fjj/F be 
the abelian extension of F which, under the reciprocity map of class field theory, 
has Gal{Fij/F) = Zu{<C). The component map Xu{C) — > Zif{C) arises from 
a morphism of i^-schemes Xjj Zjj where Zjj is (noncanonically) isomorphic 



TWISTED GROSS-ZAGIER THEOREMS 



43 



^jj^g normalized Neron-Tate height on Ju{F'^^^) is defined by 



to Spec{Fu)- For each geometric point a : Spec{F^^'^) Zu define a smooth 
connected projective curve over F^^^ 

Xg^Xu xz^ SpeciF^'^). 
The Jacobian Jjj of Xjj is the abelian variety over F defined by 

J[7 = Resz„/F(Picx„/z„) 
so that the geometric fiber of Ju decomposes as 

jjj^pF--^'^^ n -^u 

where is the Jacobian of X^. There is a Gal(F'''s/i^) invariant function 

the Hodge embedding, described in detail in [H §3.5]. Briefiy, Zhang [34l §6.2] 
constructs the Hodge class £ G Pic{Xu) ®-z Q having degree 1 on every geometric 
component. Each P € XuiF^"^^) determines a geometric point a G and 
we let Cp denote the restriction of C to X^. Letting 0{P) G Pic(X[/ F^^^s) 
denote the class of P we define 

Hg(P) = 0(P) ® Cp^ G J^(P"'^) ®z Q. 

For any finite extension LjF the Neron-Tate height on JijiV) is denoted by 

/ \NT 

1 

[l"~f] 

where L is any finite extension of F large enough that x and ?/ are defined over 
L. Fix two points P. Q ^ Xif{F^^^) and choose a finite Galois extension L/F large 
enough that P and Q arc both defined over L. To compute the Neron-Tate pairing of 
Hg(P) and Hg((5) we use the arithmetic intersection theory of Gillet-Soule [HI [H] 
as in §5.3 and §6.1 of [34 . Suppose that U is small enough that Xu admits a 
canonical regular model Xjj, proper and fiat over Op, as in [3S1 §1.2.5]. Let be 
the normalization of Spec(C'i?) in Zjj, so that Zjj = Spec(Oi7'^) (noncanonically) 
and the component map Xjj Zjj extends to a map of Of^-schemes Xjj Zjj. 
As Zu{L) 7^ there are [Fu : F] distinct embeddings Fu — > L, and so [Fu : F] 
distinct morphisms Spec(C'L) — >■ Zjj. Let Zu denote the disjoint union of [Fjj : F] 
copies of Spec(C'L) so that Zjj is naturally an Oi-scheme which admits an Op- 
morphism Zu — >■ Z_jj. Let Xu be the minimal resolution of singularities of the 
OL-scheme Xjj Xz_^ Zjj. The scheme Xu has generic fiber Xu XpL and is a disjoint 
union of [Fu : F] proper and flat curves over Op indexed by Zu{F^^^), each with 
geometrically connected generic fiber. The Hodge class C on Xu admits a natural 
extension to 2£.u [SSi §4.1-4] which we pull back to a class C G Pic{Xu) ®z Q- For 
each embedding i : L —i' C the Riemann surface {Xu Xq^ C)(C) has a canonical 
volume form ^ which on each connected component has total volume 1 and whose 
pull back to the upper half-plane (under any such parametrization) is a multiple of 
the hyperbolic volume form y^^dxdy. By 20, Theorem 1.4.2] there is a Hermitian 
metric pi, unique up to scaling, on the pull-back of C to Xu xq^^C whose Chern 
form is /i. Letting p denote the tuple (pi) indexed by embeddings i as above, the 
pair C — {C,p) is then an element of Pic{Xu) as in [34l §6.1]. 
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Going back to the point P E Xu{L), let Xj} be the connected component of Xu 
containing P. The arithmetic closure (as in [34, §6.1] or [36l §9]) P € Div(A[/) of 
P with respect to £ is a pair P = {V + Dp,gp) where V is the Zariski closure of 
P on Xjj and gp — (gp^i) is a tuple indexed by embeddings « : L — >■ C with gp^i 
a smooth function on the complement of P in {Xjj Y-Ol ^){^) such that 2 • gp^i 
is a Green's function for P with respect to ji (in the sense of [501 §11-1]) on the 
component indexed by a, and is identically on the other components. Lang and 
Zhang use different normalizations for Green's functions, hence the factor of 2; our 
gp is Zhang's g{P, •). Finally Dp is a vertical divisor on Xfj chosen so that V + Dp 
has trivial intersection multiplicity with every vertical divisor, and so that for any 
finite place w of L the restriction of C to the sum of the components of Dp above 
w has degree 0. One defines Q — {Q + Dq^go) in the same way. The Hodge index 
theorem now tells us that 

(Hg(P), Hg(Q))f T ^ -Cp.,Q- Cq)% 

where £p is the restriction of C to the component of Xjj containing P (and similarly 
with P replaced by Q) and the pairing on the right is the Gillet-Soule arithmetic 
intersection pairing on V\c{Xu) defined by (9.3)]. 

For each place w of F fix an extension w^^^ to F^^^. As we assume that P ^ Q 
there is a decomposition of the arithmetic intersection pairing as a sum of local 
Green's functions 

w (TeGal(L/F) 

where the sum is over all places of F and terms on the right are as follows. If 
w I c» then du, = 1 and g{P, Q)]j_wa\s = gp,i{Q) where i : L — > C is the embedding 
determined by w^^^. If w is nonarchimedean then — logg^, where is the size 
of the residue field of w, and 

giP, Q)u,w-^<^ = e(L„aig/F„)-ii^aig('P + Dp, Q + Dq)xu 

where eiyL^ais/F^) is the ramification index and i^^if.{- , ■)xu is the intersection 
pairing on Xjj (^l ui"'* defined in [20, III. 2] for divisors with no common com- 
ponents and extended in [201 III. 3] to divisors with common vertical components. 
The Green's function g{P, Q)u,w=^^s does not depend on the choice of L and ex- 
tends bi-additively to a Hermitian pairing on divisors with complex coefficients on 
Xjj Xp F^'s having disjoint support. 

If U is not sufficiently small in the sense of [331 §l-2.5] then choose U' C U which 
is sufficiently small and define 

9{P,Q)u,w-^<^ = . \ x g(7r*P,7r*Q)^,.„,aig 
deg(7r) 

where tt : Xiji — > Xu is the degeneracy map with deg(7r) = [F'^U : F^U']. This 
does not depend on the choice of sufficiently small U' . 

5.2. Special cycles and Hecke correspondences. For the remainder of fJSlwe 
let U and V denote the compact open subgroups of G{Af ) constructed in i )4.1l and 
recall that we constructed there CM cycles P^ and Px,a of level U (for a any ideal 
of Of prime to c) and a CM cycle of level V. Let G be the element of 
Lemma 14.1.31 used in the construction of U , and note that Uv is a maximal compact 
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open subgroup of G{Fy) for v \ Sroo. For a prime to there are algebraic Hecke 
correspondence T^f and T^"^ on Xij characterized by their action on points of 

heU\H(a) heH(a)/U 

where H{a) was defined in ^^i^ We also have diamond automorphisms of Xjj 
defined by 

(a)P-[x,5] = [x,ga-'] {a)^'''[x,g] - [x,ga] 

where a € satisfies aOp = a and at, = f for u | oo. Restricting T^"^, T,^''' and 
the diamond automorphisms to divisors on Xij which have degree zero on every 
geometric component we obtain endomorphisms, denoted the same way, of Ju- 

We view the set of CM points of level U on G as a subset of Xu{C) using the 
injection Cu — > Xu{C) defined by T{F)gU ^ [xo^g]- By Shimura's reciprocity law 
[Ml §12] all points of Cu are defined over the maximal abelian extension of -E in C 
and satisfy 

where a = \t,E] is the arithmetic Artin symbol of t as in [551 §5-2]. Any CM-cycle 
P of level U can be written as a sum of characteristic functions of CM points, 
and so can be viewed as a divisor (with complex coefHcients) on Xy x p F^'s jj^ 
obvious way. Setting P = [xq , 1] we then have 

teT{F)\T{kf)/UT 

This divisor is rational over the abelian extension E^/E cut out by x- As divisors 

on XuXf E^ we have Tp'^P^ = P^.a and (a)^''^^^ = Xo(a)Px- 

For a prime to Dr let P^ ^ denote the restriction of o to the complement of 
the image of T{Af) — Cu- In particular P^ ^ and P^ have disjoint support. Fix 
a E with aOp = a and define 

r^{a) = l[\a\-'/'B4a;e). 

We note that is a derivation of 11^^ (g) | • |^/^ in the sense of [Ml Definition 3.5.3]. 
Exactly as in [Ml Lemma 6.2.1], (using our Corollaries 13.3.91 and 13.4.51 to evaluate 
P-^.c,(l) instead of [Ml Lemma 4.2.1]) we have 

(5.2) P^,, = pO„+rx(a)-P^. 

5.3. Intersections at nonsplit primes away from Dr. Suppose w | Or is a finite 
place of F which is inert in E and fix a place w**'^ of F^^^ above w. Note that 
the quaternion algebra is split and, as Rw — Oe,w + Oe.w^w is a maximal 
order of P^,, Uw = is a maximal compact open subgroup G'(Puj). We wish 
to compute 5(Px) a)?/,™'''^- ^ tie the totally definite quaternion algebra 

obtained from B by interchanging invariants at Woo and w. That is, B is defined by 
{places ?; of P I P.;; ^ P.;;} = {w^Woo}- As Ey is a field for every place v at which 
P is nonsplit, we may fix an embedding E ^ B. Denote by G the algebraic group 
over P defined by G{A) = {B (gip . 
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For each finite place i; 7^ w fix an isomorphisni di, : G{Fv) = G{Fy) compatible 
with the embeddings of T{F^) into G{Fi,) and G{Fy) and define 

Pick e so that E^^iw = B:^ and ordtu(N(eu,)) = 1, where N is the reduced 
norm on i?^. Then = Oe,w + Oe,w^w is the unique maximal order in 
and we define Uw = R^- Define a function cjw ■ G{Fy) — > G{Fu,)/tJw by <7w{g) — 
gUw for any g G G{F^) satisfying ord^(N(5)) = ord^(N(5)). Set U = Yl^Uv, a 
compact open subgroup of G{Af). Taking the product of the we obtain a map 
of left T(A/)-sets a : G{Af)/U G{Kf)/U and a push-forward map / ^ a^./ 
from finitely supported functions on G{Af)/U to finitely supported functions on 
G{Af)/U defined by 

a{y)=x 

As the natural projection G{Af)/U — ^ Gu has finite fibers, any CM-cycle of level 
U may be viewed as a finitely supported function on G{Af)/U. The push- forward 
is then a left r(i^)-invariant function on G{Af)/U, and so there is an induced 
push-forward cr, from CM-cycles on G of level U to CM-cycles on G of level U. 

Fix a uniformizer w of F^ and for each fc > let = Of,w + tj^^Oe,w For 
each X e Gjj define the w- conductor of x = T{F)gU to be the integer k determined 

by 

Proposition 5.3.1. Suppose that P and Q are disjoint CM-cycles of level U with 
P supported on points of w- conductor k and Q supported on points of w- conductor 
. Then 

g{P, Q)u,^.,, = '^*^>^ ■ ^^fe(^) 



'yeT{F)\G{F)/T{F) 



whe 



2 



if fc = and ^ ^ 
Mfe(7) = { if fc = and ^ = 

[Ol^--A-,]-' iffc>0. 

Proof. See Lemmas 5.5.2 and 6.3.5 of [51]. □ 

Suppose a is an ideal of Of prime to Or. For any finite place v we may replace 
By by By and ey by everywhere in H3.3I and H3.4[ giving a function P^^a.v on 
G{Fy)/Uy. Taking the product over all finite v gives a CM-cycle P^.a of level U 
on G. When a = Of we omit it from the notation. Define an ideal c of Of by 
ord^(e) = ord^(N(e„)) for all finite places v, so that 



(5.3) ordt,(e) = ord„(r) + 



1 if u = It; 
otherwise. 



Proposition 5.3.2. Suppose a is prime to c. There is a constant k, independent 
of a, such that 

ieT{F)\G{F)/T(F) 
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where 

^ ( ord^ (^a) + 1 if ^ 7^ and ord^ (^o) is odd and nonnegative 

TO|j(7) — 2 I '-""'^"'('^) if ^ = and orduj(o) is even and nonnegative 

[ otherwise. 

Proof. This is our analogue of [Ml Lemma 6.3.5]. Decompose 

oo oo 
k=0 k=Q 

where Vpl is the restriction of ^ to points of lu-conductor k, and similarly for 
Vk- By (ET 



Vk 4^/0 + 1 otherwise 
and Proposition 15 .3 . Il gives 

oo 

7eT(F)\G(F)/T(_F) k=0 

-r^(a) J2 {<y.P^,a.P^)l-Moi^). 

7eT(F)\G(F)/T(F) 



The next claim is that a^^k — CkPx.a where 
r \Ol,.. : A^] if ore 

Cfc = 



[O^ ■ A^] if orduj(o) — A: is even and nonnegative 



E,w ■ ^k 

otherwise. 
To prove this define 

H^ia) = {h e H^{a) \ hU^h'^ n T(F„) = A^} 

= {/iei/(a) I /i^ ei/^(a)} 

H{a) = ff„(a)- [] f7,(i/,„(a)) 

where i/u,(a) = {/i € i?^, | N(/i)C'_f = ai,}. The CM-cycles in question are now 
given by 

= Xo(a) X(i)lff'=(a)(i"'5) 

teT{Af)/UT 

PxAg) = Xo(a) 51 x(i)lH(c)(i"'.9)- 

teT(A/)/C/T 

As in the proof of [331 Lemma 6.3.5] there is a decomposition 



k=0 



where each hk G Rw satisfies ordu;(N(/ifc)) — k and hkUwhf. ^nT{Fw) — A^ . Fixing 
a uniformizer m £ F.^ we therefore find 



vj 2 0^ ^hkUw if ordtu(a) — fc is even and nonnegative 
otherwise. 
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From this it follows that #{H^{a)/Uw) = Cfc. Write H^{a) = Ul^^s.,Uw For any 
t G T{Af) we have cr^{tsi) = tHw{a), and hence (J*'^tH''{a) ~ Cfe • '^tH{a) from which 
c*^k = CkPx,a follows immediately. 
It follows from the above that 

oo oo 

Assume {Px,a,Px)]j 0- Suppose first that 7 is nondegenerate. In particular 
Oly{Px,a,w) 7^ by p.7p . and so Proposition 13.3.11 implies that ordu,(?7a) and 
ordu,(^a) — 1 are both even and nonnegative. If ordu,(a) is odd then ord^(?7) is 
odd, and as 77 + ^ = 1 we must have ordtu(^) ~ 0. Thus 



(5.4) ^Cfc • Mfc(7) = #{fc I 1 < fc < ord™(a),fc odd} = mail). 

k=0 

If ordt„(a) is even then 

Y.ck ■ A4(7) = """^"^^^^^^ + I 1 < fc < ord^(a), fc even} = m„(7). 

k=0 

Now suppose 7 is degenerate, so that ^,^,0(7) 7^ by Lemma 13.2.11 If ^ = then 
we may assume 7 = 1 so that Lemma 13.3.61 implies ordtu(a) is even. Thus 

^ Cfc • A'ffc(7) = I 1 < fc < ordt„(a), fc even} = ma{j). 

If ^ = 1 then similarly ordt„(ae^^) — ordu,(o) — 1 is even and so again (|5.4p holds. □ 

Corollary 5.3.3. Suppose a is prime to Or. Then 

2[^^Q]+i log ■ g{Px, P° Jt/,«,-. = [O^ ■■ Ut]Hp\-^ ■ N(a)B™(a; $,) + A{a) 

where A{a) is a derivation o/n^® | ■ |^^^ in the sense of [SH Definition 3.5.3]. 

Proof. Fix a nondegenerate 7 G G{F) and an a G with aOp — ci. For any place 
w of F, Lemma [3.1.11 and the definition of B give 

-1 ii V ~ w 



1 ii V ^ w. 



Thus Difft(?7, ^) = {w}, and conversely a pair rj,^ € with 77 + ^ = 1 arises from 
some choice of nondegenerate 7 G G'(F) if and only if Difft(77, £,) — {w}. Comparing 
Propositions 12.6.11 and I3.3.1[ and recalling (|5.3p , we find 

P^,(a, r/,^;e^) = \a\i,T^{j) ■ OVP^^aAu) ■ ^0(7) log|7i7^|^. 



On the other hand for any finite place v ^ w we have, using (j5.3p and Corollaries 
13X51 and [3X31 

Using ([231), Lemma [3X2 and dHJ]) we find 



TWISTED GROSS-ZAGIER THEOREMS 



49 



where the sum is over all nondegenerate 7 £ T{F)\G{F)/T{F). If 7 is degenerate 
then (-Px'-^x-a)^ ' fnaij) is a derivation of 11^® | • |^^^ (using Lemma [3.2.11 and 
Corollaries 13.3.91 and l3.4.5|) . Thus the claim follows from Proposition 15.3.21 □ 

5.4. Intersections at nonsplit primes dividing Or. Suppose that w is a place 
of F which is nonsplit in E with w \ Or and fix a place w'^^^ of F'^'s above w. Again 
let B be the quaternion algebra over F obtained from B by interchanging invariants 
at w and Woo, so that {places v of F \ By B„} = {wjWoo}- Fix an embedding 
E B and for each finite place v w let cr„ and be as in Choose so 

that B~ = E^iw and 



ord„,(N(ei„)) = ordti,(r) + 



1 if w -j- O 
otherwise. 

Let a be prime to Or. As in t j5.3[ for any finite place v we may repeat the con- 
structions of ^ 33. 31 and ^ 33. 41 with B replaced by B and Cy replaced by e„, giving a 
compact open subgroup Uy C G{Af) and a function Px,a,v on G{Fy)/Uy for each 
V. Taking the product over all finite v gives a CM-cycle P^_a of level U. 

Define the w-special CM points of level U, denoted C^, to be the image of 

T{FJ X G{Ay) ^ Cu 



where A™ — {x £ Af \ Xyj — 0}. By a w-special CM cycle we mean a CM 
PP 

bijections 



cycle supported on w-special points. Define similarly, and note that there are 



(jO ^ T°{F)\GiAy)/U'" ^ T°(i^)\G(Ap/[7™ = C? 

where C/™ = 11 1;^^^) ^^'^ similarly for , and T'^{F) is defined as 

T(F) nUy,^ T{F) n (1 + cOE,,nr = T{F) n (7„. 

Thus we may identify w-special cycles of level U with w-special cycles of level U, 
and we denote this bijection by F cr,P. As a is prime to Or, ordtu(a) = 
and it follows from the construction that Py,^a is w-special. It is easy to see that 
(^*Px,a — Px,a (as one only needs to check equality locally at u ^ w). 

Proposition 5.4.1. Suppose P and Q are w-special CM cycles of level U with 
disjoint support. There is a locally constant function ( independent of P and Q ) 
K{x,y) on G{F)\G{Af) such that 

5(^,Q)c/.»-. = E (a,P,a,g)T .M(^) 

ieT{F)\G{F)/T(F) 



{a^P){x)K{x,y){cr*Q){y) dx dy 

T{F)\G{Af)]^ 



where 

M(7) = 

Proof. See Lemmas 6.3.7 and 6.3.8 of [34]. □ 



if Ct^O andord™(C) >0 
otherwise. 



50 



BENJAMIN HOWARD 



Proposition 5.4.2. If a is prime to Or then 

jeT{F)\G(F)/T{F) 

+ / Px.a{x)K{x,y)P^{y) dx dy 

J[T(F)\G(A.;)Y 

where K{x,y) is a locally constant function on [G{F)\G{Af)]'^ and 

^ ( ordu,(^r-i) + 1 if C 7^ 0,ord„,(C) > 0, and w I r 
m(7) = - I oidJi^t)) if C 7^ 0,ord^(C) > 0, and w | 

[ otherwise. 

Proof. It follows from (|5.2I) and Proposition l5.4.1l tliat the claim holds if one replaces 
771(7) with A/(7). Thus if we set m' — m — M it suffices to show that 

E (^x.a, Px)l ■ m'(7) = / PxA^)H^, y)PM dx dy 

,eTiF)\GiF)/TiF) MF)\GiA,) 

for k some locally constant function on G{F)\G{Af). Note that m' is locally 
constant for the topology on G{F) induced from G{F^) (i.e. m and M have the 
same singularity near f = 0) and let C Uw be small enough that m' is a constant, 
fi, on IJ^. Let [/' be the subgroup obtained by shrinking the w-component of t7 
from Uw to C/4. The crucial point is that on the image of {1} x G'(A™) — ?> Gjj, we 
have 

fc^";(a;,j;)=fc^^,(x,y) 

where fc^, is the kernel p.4p constructed with constant multiplicity function /i. The 
w-special CM-cycles a and P^ are supported on the image of T{Fw) x G'(A"') in 
Cj^,, which equals the image of {1} x G{hy-') as T(F„) C T{F)U'^. Therefore the 
pairings p.5p satisfy 

and it follows that {Px,a,Px)(j = (Px-.a^ Px)^} (replacing U' by [/ changes each 
pairing by a constant depending on the normalizations of measures in ij3.2l but not 
on the multiplicity function). As the multiplicity function /i is constant the kernel 
is right G(F)-invariant, and we take k — k'^. □ 

Corollary 5.4.3. Define a function on = G{F)\G{Af)/U by 

Pxia) = E Pxild)- 

'yeT{F)\G{F) 

For any a prime to dx 
2iW\d\^/2iogH^-g{P^,Pl,)u,^.. 

= [d^ : Ut]HfXu' ■ N(a)B'^(a; $,) + A{a) + f {T^V^){x) ■ g{x) dx 

JG{F}\G{Af) 

where A{a) is a derivation 0/ 11^ fX" | • \^^'^, gix) is a locally constant function on 
G{F)\G{Af), and Ta is the Heche operator on L'^[Sfj) defined in %4.3\ 
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Proof. This is deduced from Proposition 15.4.21 exactly as in the proof of Corollary 
15.3.31 taking 



gix) = / K{x,y)P^{y) dy. 

JT(F)\G(hf) 

□ 

5.5. Archimedean intersections. Let w be an archimedean place of F and choose 
a place w'^'s of F^'^ above w. li w ~ Woo is the archimedean place at which B is 
split then set B = B. li w Woo then let B be the quaternion algebra obtained 
from B be interchanging invariants at w and Woo as in As in §5.31 fix an em- 

bedding E ^ B and, for every finite place v of _F, choose (t„ : By = By compatible 
with the embeddings of Ey into By and By. Define iy — ay{ey), set Uy = ay{Uy), 
and let a^. denote the induced isomorphism from CM cycles of level J7 on G to CM 
cycles of level J7 on G. 

For 7 G G{F) view ^ e F as a real number using the embedding F — > M 
determined by w and define 

Qs{l-20 ife<0 
otherwise, 



TOs(7) 



where Qs is defined by [34l (6.3.3)], and a function on G(A/) x G(A/) 
k(jix,y)^ l(j{x^^jy)ms{j). 

lGG(F)/(Z(F)nU) 

We now recall the statement of [34j Lemma 6.3.1]. For any distinct points P,Q G 
Cu the sum defining k^{a,,P,a^,Q) is convergent for Re(s) > and extends to a 
meromorphic function in a neighborhood of s = with a simple pole at s = 0. 
Thus for any CM-cycles P and Q of level U the pairing {a^P,(j,,Q)^' of (|3.5p has 
meromorphic continuation with a pole of order at most 1 at s = 0, and moreover 

9{PiQ)u,w-'<^ = consts^o((T*P,CT*(5)jI?=. 

In particular, if o is prime to dx then 

(5.5) g(P°„,Px)y,„.i. =const,^o ^ (P° „, P;,)^ . ^,(7) 

feT{F)\G(F)/T{F) 

where P° „ = cr^P^ is the cycle defined by replacing U hy U and i? by P in the 
definition of P° „ , and similarly for P^ . 

Corollary 5.5.1. For any a prime to Or 

-2[^^Ql+i|d|i/25(P^,pO Jy^^,.,, = [O^ : C/T]i/F Aj}iN(o) •const,^oS'"(s, a; $,) 

up to a derivation ofYl^'S^ \ ■ \ ^^^. 

Proof. Suppose Re(CT) > and, for any 7 e G(P), write Ms{'-f) — Ms{^w) where 
the M„ on the right is the function on K defined in !j2.6l Combining (|2.10l) with 
Corollaries 13.3.51 and 13.4.51 and arguing as in the proof of Corollarv l5.3.3[ we find 

[O^ :C/TO^]N(a)P"'(s,a;$,) 



{-2^r■■'^^u^{S)\d\'/' ^ \veJ.'M,{j) n r„(7) • 02{P^..,y) 

v\oo 
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where the sum is over all nondegenerate 7 G T{F)\G{F)/T{F). By Lemma [3.1.21 
we have 

^r.(7)=-oo(<5)H)[^^«l|ryel^^/^ 
and combining this with (j3.7D gives 

where the sum is again over all nondegenerate 7 as above. By the argument in the 
proof of [331 Lemma 6.4.1] the constant term as s — > is unchanged if we replace 
-^3(7) by — 2ms(7). Adding in the terms corresponding to the two degenerate 
choices of 7 add derivations of 11^ (8) | • 1^^^, as in the proof of Corollary 15.3.31 and 
replacing P^^a by P^ ^ ^^^^ adds a derivation of 11^(81 1 • |^^^, by (|5.2p with P replaced 
by P. Thus the claim follows from (|5.5p . □ 



5.6. The twisted Gross-Zagier theorem. Let T denote the Z-algebra gener- 
ated by the Hecke operators and the nebentype operators ((a)(/))(g) — (j){ga), 
where aOp — a and a„ = 1 for v \ 00, acting on holomorphic automorphic forms 
on GL2(A) of parallel weight 2 and level Ki{()x). Let 0n denote the normalized 
newform in IT. The C-algebra Tc = T (E)z C is semi-simple, and we let Tn be the 
maximal summand of Tc in which 

T, = BiOF;T^M (a)=Xo'(a). 

Let en be the idempotent in satisfying enTc — Tn. It follows from the Jacquet- 
Langlands correspondence and the Eichler-Shimura theory that there is a ring ho- 
momorphism T — > End{Jjj) taking 1—^ yAib ^^^^ (a)^"^, and so Tc acts on 

Proposition 5.6.1. Abbreviating Px,n = en • Hg(-fx)' 

^^^^gf^B(0^,4)L'(l/2,n X n,) = 2[^^«+Vr/^(Px,n,Px,n)r. 

Proof. This follows easily from the formulae of the previous subsections, exactly as 
in [331 §6.4], "Conclusion of the Proof of Theorem 1.3.2". We quickly sketch the 
argument. 

Suppose a is prime to Or. Using the argument of [331 Lemma 6.2.2], up to sums 
of derivations of principal series and 11^ (g) | • |^/^ we have 

(Tf''Hg(P^),Hg(F^))^T = (Hg(Pj,rf^Hg(P^))^T 

= (Hg(P^),Hg(F^,„))?^T 



where the sum is over all places w oi F , and where for each w we fix an extension 
to P'^'s. Exactly as in [HH Lemma 6.3.4] the nonarchimedean places w which 
split in E contribute derivations of principal series and 11^® I ' l""^^^; ^''^d so we may 
omit such places in the above summation. Combining Corollaries I5.3.3[ 15.4.31 and 
15.5.11 with Proposition 12 .6 . 3l we find 

2[F:Q] + l|^|l/2^j,Albjjg^p^)^jjg(P^))^T ^ [^x ^ Ut]HpX^^B{Op-T,^.) 
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up to a sum of derivations of principal series, derivations of XI^'E) | ■ | , and functions 
of the form 



(5.6) / {T^V^){x) ■ g(x) dx 

JG(F)\G(kf) 

for I Dr as in Corollarv l5.4.3l 

Let us consider (|5.6p in more detail. Fix w \ Or and let f/, G, and so on be as in 
gnu Let Sfj = G{F)\G{kf)/U as in gSl It follows from the Jacquet-Langlands 
correspondence that the C-algebra generated by the operators acting on L'^{Sfj) 
is a quotient of Tp. Thus it makes sense to form en • £ L'^(Sfj), which is 
nothing more than the projection of V-j^ to the automorphic representation H of 
G(A) whose Jacquet-Langlands lift is H. By construction the function en • has 
character Xw^ under right multiplication by T{Fw)- On the other hand, if H' is 
the automorphic representation of G(A) whose Jacquet-Langlands lift is H then H' 
contains a nonzero vector on which T{Fyj) acts through Xw^ (as admits a toric 
newvector in the sense of §4.2p . Thus if euV^ ^ we would have nonzero vectors 
in both and on which T{Fj^) acts through Xw^- This contradicts results of 
Saito, Tunnell, and Waldspurger (as described in [TH §10] or [T31 Proposition 1.1], 
and using [321 Lemme 9(iii)] to relate T(i5tu )-invariants to T(£'u))-coinvariants), and 
so euVx — 0- 

We now deduce, using [351 Proposition 4.5.1] for the vanishing of derivations of 
principal series and theta series, that 

2[^^«+Vl'/'(enHg(F^),Hg(P^))^T ^ 0. . UT]Hp\-^'B{Op-en^.). 

As en$t is the projection of "I>r to H, the proof now follows from 

B{Op- en$0 • \\4>t\\K,i,.) = ^^'^BiOp; <)L'(l/2, H x H^) 
as in the proof of Proposition 14.3.21 □ 



As above there is a ring homomorphism T — >■ End( Jy) taking Ta i— >■ T^^^ and 
(a) ^ (a)^"', and so Tc acts on Jv{Ex) ®z C. 

Theorem 5.6.2. Abbreviate Q^^u = eu^g{Q^) e Jv{Ex) ®z'C 

LW2,nxn,) _ 21 w 

— rr— 1|2 . Wx:n,<^x.n)y ■ 



Proof. Recall the constants an, bn, and cn of i )4.6l The argument of '36, §17] gives 
the first equality of 

{PxM. Pxm)u^ ■ cn = (^*Qx,n, 7r*Qx,n)^^ = deg(7r) • {Q^,n,Qx,n)V 

where n* : Jy ^ Ju is the morphism induced by the natural projection n : Xjj — >■ 
Xv of degree [F^V : F^U] = \V : U]\v\'^'^ ■ It therefore follows from Proposition 
EXT] that 

2l^lg^[ag:t/T] £'(l/2,nxn,) bn2[W 

[^■^]^^ ll4llKo(n) v/Nf/q(5) 

and so the theorem follows from the equality of rational functions k n at,c„ = b„ 
proved in ^4.61 □ 
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